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Abstract
The contributions of the matter superfields and of the Faddeev–Popov ghosts to the β-
function of N = 1 supersymmetric gauge theories defined in terms of the bare couplings are
calculated in all orders in the case of using the higher covariant derivative regularization.
For this purpose we use the recently proved statement that the β-function in these theories
is given by integrals of double total derivatives with respect to the loop momenta. These
integrals do not vanish due to singularities of the integrands. This implies that the β-function
beyond the one-loop approximation is given by the sum of the singular contributions, which
is calculated in all orders for singularities produced by the matter superfields and by the
Faddeev–Popov ghosts. The result is expressed in terms of the anomalous dimensions of
these superfields. It coincides with the corresponding part of the new form of the NSVZ
equation, which can be reduced to the original one with the help of the non-renormalization
theorem for the triple gauge-ghost vertices.
1 Introduction
The NSVZ equation [1, 2, 3, 4] is an important relation between the β-function of N = 1
supersymmetric gauge theories and the anomalous dimensions of the matter superfileds,
β(α, λ)
α2
= −
3C2 − T (R) +C(R)i
j(γφ)j
i(α, λ)/r
2pi(1 − C2α/2pi)
, (1)
where the matter superfields lie in a representation R of a simple gauge group G with dimension
r. Its generators TA, A = 1, . . . , r, satisfy the identities
tr(TATB) = T (R)δAB ; (TATA)i
j = C(R)i
j; [TA, TB] = ifABCTC . (2)
The constant C2 is defined by the equation C2δ
AB = fACDfBCD. The generators of the funda-
mental representation tA are assumed to be normalized by the condition tr(tAtB) = δAB/2.
The NSVZ equation (1) reduces the number of independent renormalization constants in
N = 1 supersymmetric gauge theories and can be considered as a non-renormalization theorem
together with the theorems stating the finiteness of the superpotential [5] and of the triple gauge-
ghost vertices [6]. For theories with N = 2 supersymmetry the finiteness beyond the one-loop
approximation [7, 8, 9] can be derived from the NSVZ relation provided that the quantization
is manifestly N = 2 supersymmetric [10, 11]. This can be achieved by using the harmonic
superspace [12, 13] and the corresponding invariant regularization [14].
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However, the NSVZ equation takes place only for a certain class of the renormalization
prescriptions called “the NSVZ schemes”.1 It is well known [16, 17, 18, 19, 20] that the DR-
scheme is not NSVZ. This implies that with dimensional reduction [21] supplemented by modified
minimal subtractions [22] Eq. (1) is not valid starting from the order O(α2, αλ2, λ4). (The terms
of this order are produced by the three-loop β-function and the two-loop anomalous dimension).
Nevertheless, the NSVZ relation can be restored by a proper modification of the subtraction
scheme which should be specially tuned in each order of the perturbation theory.
An all-order prescription giving the NSVZ scheme can be obtained in the case of using the
higher covariant derivative regularization [23, 24] in the supersymmetric version [25, 26]. It is
given by minimal subtractions of logarithms [27, 28], when the renormalization constants include
only powers of ln Λ/µ, where Λ is the dimensionful cut-off parameter and µ is the renormalization
point. The NSVZ scheme constructed in this way is usually called HD+MSL,
NSVZ = HD+MSL. (3)
The main observation leading to this statement is that the renormalization group functions
(RGFs) defined in terms of the bare couplings presumably satisfy the NSVZ equation in all
orders in the case of using the higher covariant derivative regularization. Note that these RGFs
are independent of a renormalization prescription for a fixed regularization [29], so that this
statement is valid in an arbitrary subtraction scheme. For N = 1 supersymmetric gauge theories
regularized by dimensional reduction the NSVZ equation for RGFs defined in terms of the
bare couplings is not valid starting from the order O(α20, α0λ
2
0, λ
4
0), where the dependence on a
regularization becomes essential [30].
The NSVZ relation for RGFs defined in terms of the bare couplings follows from the fac-
torization of the integrals giving the β-function into integrals of double total derivatives.2 The
factorization into total and double derivatives was first noted in Refs. [32] and [33], respectively,
in calculating the lowest quantum corrections for N = 1 SQED. Subsequently, the factorization
into double total derivatives has been proved in all loops in the Abelian case [34, 35]. This
feature of the loop integrals giving the β-function allows calculating one of them analytically.
Note that the result does not vanish, because for a nonsingular function f(Q2) (where Qµ is an
Euclidean momentum) rapidly decreasing at infinity
I ≡
∫
d4Q
(2pi)4
∂2
∂Q2µ
( 1
Q2
f
(
Q2
))
=
1
4pi2
f(0) (4)
due to the contribution of the singularity at Qµ = 0. In the Abelian case this leads to the
relation between the β-function in a certain order and the anomalous dimension of the matter
superfields in the previous order which is equivalent to the NSVZ equation. (Both RGFs in this
case are defined in terms of the bare coupling constant and the higher derivatives are used for
the regularization.) In all orders the Abelian NSVZ relation [36, 37] was derived by this method
in Refs. [34, 35]. The similar method can be applied for deriving the exact NSVZ-like equations
for the Alder D-function in N = 1 SQCD [38, 39] and for the renormalization of the photino
mass3 in softly broken N = 1 SQED [43]. In both cases these equations originate from the
factorization of the loop integrals into integrals of double total derivatives and for RGFs defined
in terms of the bare couplings are valid only with the higher covariant derivative regularization
(and are not valid with dimensional reduction [41, 44]). For RGFs defined in terms of the
1In the Abelian case this class has been described in Ref. [15].
2This is true only in the case of using the higher covariant derivative regularization. For theories regularized
by dimensional reduction it is not so [31].
3The NSVZ-like equation describing the renormalization group behaviour of the gaugino mass in gauge theories
with softly broken supersymmetry was first proposed in Refs. [40, 41, 42].
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renormalized couplings Eq. (3) is also valid [45, 46], because both definitions of RGFs in the
HD+MSL scheme produce the same results up to the renaming of arguments [29].
In the non-Abelian case the factorization of loop integrals giving the β-function defined
in terms of the bare couplings into integrals of (double) total derivatives was confirmed by
a large number of explicit calculations made with different versions of the higher derivative
regularization, see, e.g., [47, 48, 49, 50, 51]. Recently it has been proved in all loops in Ref. [52].
As a fact confirming the correctness of this result one can consider a method for calculating the
β-function proposed on the base of the reasonings used for constructing this proof. This method
significantly simplifies the calculations and produces the β-function (defined in terms of the bare
couplings for the theory regularized by higher covariant derivatives) in the form of an integral of
double total derivatives. Its application allowed to check independently the (very complicated)
calculations of Refs. [50, 51] and also to make some new calculations [53, 54]. Exactly as in
the Abelian case, the factorization into double total derivatives reduces the calculation of the
β-function to the summation of singular contributions which are produced by integrals similar
to (4). At present this sum has not yet been found in all loops. In this paper we find its part,
namely, the sum of singularities produced by the matter and ghost superfields.
The paper is organized as follows: In Sect. 2 we briefly describe the theory under consid-
eration, its regularization by higher covariant derivatives, and quantization. Also we introduce
some auxiliary parameters which will be used below for finding the sums of singular contribu-
tions. In the next Sect. 3 we describe the main steps needed for the all-loop derivation of the
non-Abelian NSVZ relation. Sect. 4 is devoted to all-order summing of singular contributions
produced by the matter and ghost superfields, which originate from integrals of double total
derivatives giving the β-function. The sum is expressed in terms of the anomalous dimensions of
the corresponding superfields and coincides with the relevant terms in the exact NSVZ equation
for RGFs defined in terms of the bare couplings.
2 The theory under consideration
We consider the massless N = 1 supersymmetric Yang–Mills theory interacting with chiral
matter superfields φi formulated in N = 1 superspace, see, e.g., [55, 56, 57]. For quantizing
this theory we use the background field method [58, 59, 60] in the supersymmetric formulation
[7, 55] and take into account the necessity of the nonlinear renormalization for the quantum
gauge superfield [61, 62, 63]. This implies that in the standard classical action one should make
the replacement
e2V → e2F(V)e2V , (5)
where V is the background gauge superfield, and the nonlinear function F(V ) = F(V )AtA (or
F(V ) = F(V )ATA) includes an infinite set of parameters. The lowest nonlinear term in this
function has been calculated in Refs. [64, 65],
F(V )A = V A + y0G
ABCD V BV CV D + . . . , (6)
where GABCD ≡ (fAKLfBLMfCMNfDNK + permutations of B, C, and D)/6. The parameters
contained in the function F(V ) are very similar to the gauge fixing parameter ξ0, because instead
of introducing the function F(V ) one can change the gauge fixing condition [61]. That is why
we will include all of them into a single set Y0 ≡ (ξ0, y0, . . .). Note that in our notation the
bare parameters are denoted by the subscript 0, and the quantum gauge superfield satisfies the
constraint V + = e−2V V e2V .
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After the substitution (5) the massless action written in terms of N = 1 superfields takes
the form
S =
1
2e20
Re tr
∫
d4x d2θW aWa +
1
4
∫
d4x d4θ φ∗i(e2F(V )e2V )i
jφj
+
(1
6
λijk0
∫
d4x d2θ φiφjφk + c.c.
)
, (7)
where e0 and λ
ijk
0 are the gauge and Yukawa coupling constants, respectively. The gauge invari-
ant theory is obtained if
λijm0 (T
A)m
k + λimk0 (T
A)m
j + λmjk0 (T
A)m
i = 0. (8)
We will always assume that this condition is satisfied. The strength of the gauge superfield is
given by the expression
Wa ≡
1
8
D¯2
(
e−2V e−2F(V )Da
(
e2F(V )e2V
))
, (9)
where Da and D¯a˙ are the right and left supersymmetric covariant derivatives, respectively. This
expression can be equivalently rewritten in the form
Wa =
1
8
e−2V ∇¯2
(
e−2F(V )∇ae
2F(V )
)
e2V +Wa, (10)
where we have defined the background gauge field strength and the background supersymmetric
covariant derivatives as
Wa ≡
1
8
D¯2
(
e−2V Dae
2V
)
; ∇a ≡ Da; ∇¯a˙ ≡ e
2V D¯a˙e
−2V . (11)
The most important ingredient needed for the derivation of the NSVZ β-function is the
higher covariant derivative regularization. Its main idea [23, 24] (see also [66]) is to add a higher
derivative term SΛ to the classical action in such a way that divergences disappear in all orders
except for the one-loop approximation. For regularizing the surviving one-loop divergences
one should use the Pauli-Villars superfields and insert the corresponding determinants into the
generating functional [67]. In this paper, following Refs. [68, 69], we use such a higher derivative
term that
S + SΛ =
1
2e20
Re tr
∫
d4x d2θW a
(
e−2V e−2F(V )
)
Adj
R
(
−
∇¯2∇2
16Λ2
)
Adj
(
e2F(V )e2V
)
Adj
Wa
+
1
4
∫
d4x d4θ φ∗i
(
F
(
−
∇¯2∇2
16Λ2
)
e2F(V )e2V
)
i
jφj +
(1
6
λijk0
∫
d4x d2θ φiφjφk + c.c.
)
, (12)
where the higher derivatives are contained inside the regulator functions R(x) and F (x), which
satisfy the condition R(0) = F (0) = 1 and rapidly increase at infinity. The covariant derivatives
are defined as
∇a = Da; ∇¯a˙ = e
2F(V )e2V D¯a˙e
−2V e−2F(V ), (13)
and the subscript Adj means that
R(X)AdjY = (1 + r1X + r2X
2 + . . . )AdjY ≡ Y + r1[X,Y ] + r2[X, [X,Y ]] + . . . (14)
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Although the expression (12) allows regularizing all divergences beyond the one-loop approx-
imation, for the all-loop derivation of the NSVZ β-function we need to introduce some auxiliary
parameters, namely, the complex coordinate independent parameter g and the chiral superfield
g(xµ, θ).4 The former one relates the original theory corresponding to g = 1 to the theory in
which quantum superfields interact only with the background gauge superfield corresponding
to g → 0. This parameter is introduced by the formal substitution α0 → gg
∗α0, λ
ijk
0 → gλ
ijk
0 ,
λ∗0ijk → g
∗λ∗0ijk. All terms containing quantum superfields depend on the auxiliary superfield g
only through the combination
g ≡ g + g. (15)
Namely, following Ref. [54], the regularized action with the auxiliary parameters is defined as
Sreg →
1
2gg∗e20
Re tr
∫
d6xW aWa +
1
e20
Re tr
∫
d8x
1
gg∗
[
−
1
4
e2VW ae−2V e−2F(V )
×∇ae
2F(V ) −
1
64
e−2F(V )∇ae2F(V ) · ∇¯2
(
e−2F(V )∇ae
2F(V )
)
+W a
(
e−2V e−2F(V )
)
Adj
×
∇2
16Λ2
r
(
−
∇¯2∇2
16Λ2
)
Adj
(
e2F(V )e2V
)
Adj
Wa
]
+
1
4
∫
d8xφ∗i
(
F
(
−
∇¯2∇2
16Λ2
)
e2F(V )e2V
)
i
jφj
+
(1
6
λijk0
∫
d6x g φiφjφk + c.c.
)
, (16)
where r(x) ≡ (R(x)− 1)/x. In the case g = 1, g = 0 this expression is reduced to Eq. (12) with
the help of Eq. (10) and the relations between the integration measures∫
d4x d4θ = −
1
2
∫
d4x d2θ D¯2 = −
1
2
∫
d4x d2θ¯ D2. (17)
Note that in Eq. (16) we used brief notations for these measures,
d8x ≡ d4x d4θx; d
6x ≡ d4x d2θx; d
6x¯ ≡ d4x d2θ¯x, (18)
which will also be used below.
To quantize the theory under consideration, one should fix a gauge and introduce the
Faddeev–Popov and Nielsen–Kallosh ghost superfields. These chiral anticommuting superfields
lie in the adjoint representation and are denoted by c¯ (the Faddeev–Popov antighost), c (the
Faddeev–Popov ghost), and b (the Nielsen–Kallosh ghost). It is convenient to use the gauge
fixing action
Sgf = −
1
16ξ0e20
tr
∫
d8x∇2V
1
g∗
K
(
−
∇¯
2
∇
2
16Λ2
)
Adj
1
g
∇¯
2V (19)
invariant under the background gauge transformations. This action also contains higher co-
variant derivatives inside the regulator function K(x) which satisfies the standard conditions
K(0) = 1, K(x→∞)→∞. The corresponding ghost actions can be written as
SFP =
1
2
∫
d8x
∂F−1(V˜ )A
∂V˜ B
∣∣∣∣
V˜=F(V )
(
e2V c¯e−2V + c¯+
)A
×
{( F(V )
1− e2F(V )
)
Adj
c+ +
( F(V )
1− e−2F(V )
)
Adj
(
e2V ce−2V
)}B
; (20)
SNK =
1
2
tr
∫
d8x b+
(
K
(
−
∇¯
2
∇
2
16Λ2
)
e2V
)
Adj
b, (21)
4Sometimes similar parameters were used earlier, see, e.g., [70, 71, 72, 73, 74].
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see Ref. [54] for more details. (The dependence of the Nielsen–Kallosh action on the auxiliary
parameters was eliminated by a proper redefinition of the superfields b and b+.) Also we will
need some auxiliary sources φ0, c0, and c¯0 with the actions Sφ0 and Sc0 given below by Eqs.
(81) and (112), respectively.
The generating functional of the theory
Z =
∫
DµDet(PV,Mϕ)
−1Det(PV,M)c
× exp
{
i
(
Sreg + Sgf + SFP + SNK + Sφ0 + Sc0 + Ssources
)}
, (22)
contains the sources
Ssources =
∫
d8xJAV A +
( ∫
d6x
(
jiφi + j
A
c c
A + j¯Ac c¯
A
)
+ c.c.
)
(23)
and the Pauli–Villars determinants
Det(PV,Mϕ)
−1 ≡
∫
Dϕ1Dϕ2Dϕ3 exp(iSϕ); Det(PV,M)
−1 ≡
∫
DΦ exp(iSΦ) (24)
needed for regularizing the remaining one-loop divergences [66, 67]. Here we use the version of
the regularization adopted in Ref. [69] (a similar variant was proposed earlier in [68]), when
three commuting chiral superfields ϕ1, ϕ2, and ϕ3 in the adoint representation cancel the diver-
gences coming from gauge and ghost loops and the chiral commuting superfield Φi in a certain
representation RPV cancels the divergence introduced by a matter loop. Note that the repre-
sentation RPV should admit the invariant mass term such that M
jkM∗ki = M
2δji . (For simple
groups considered in this paper it is possible to choose the adjoint representation.)
The one-loop divergences in the supersymmetric case can completely be cancelled if the
actions for these Pauli–Villars superfields are written as
Sϕ =
1
4
∫
d8x
{
ϕ∗A1
[(
R
(
−
∇¯2∇2
16Λ2
)
e2F(V )e2V
)
Adj
ϕ1
]
A
+ ϕ∗A2
[(
e2F(V )e2V
)
Adj
ϕ2
]
A
+ϕ∗A3
[(
e2F(V )e2V
)
Adj
ϕ3
]
A
}
+
(1
4
Mϕ
∫
d6x
(
(ϕA1 )
2 + (ϕA2 )
2 + (ϕA3 )
2
)
+ c.c.
)
; (25)
SΦ =
1
4
∫
d8xΦ∗i
(
F
(
−
∇¯2∇2
16Λ2
)
e2F(V )e2V
)
i
jΦj +
(1
4
M ij
∫
d6xΦiΦj + c.c.
)
, (26)
and the constant c in Eq. (22) is equal to T (R)/T (RPV). Moreover, we will require that the
ratios of the Pauli–Villars superfield masses to the regularization parameter Λ
aϕ ≡Mϕ/Λ; a ≡M/Λ (27)
do not depend on couplings.
Finally we note that the total action Stotal ≡ Sreg + Sgf + SFP + SNK and the Pauli–Villars
determinants are invariant under the background gauge transformations
e2V → e−A
+
e2V e−A; V → e−A
+
V eA
+
; c→ eAce−A; c¯→ eAc¯e−A;
b→ eAbe−A; φi → (e
A)i
jφj ; Φi → (e
A)i
jΦj; ϕa → e
Aϕae
−A, (28)
parameterized by a chiral superfield A which takes values in the Lie algebra of the gauge group.
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3 The all-loop derivation of the NSVZ β-function: overview of
the main steps.
In this section we outline the main steps needed for deriving the NSVZ β-function in all
orders of the perturbation theory. This is done for RGFs defined in terms of the bare couplings
in the case of using the higher covariant derivative regularization.
1. First, it is necessary to rewrite the NSVZ equation (1) (for RGFs defined in terms of the
bare couplings) in an equivalent form
β(α0, λ0, Y0)
α20
= −
1
2pi
(
3C2 − T (R)− 2C2γc(α0, λ0, Y0)
−2C2γV (α0, λ0, Y0) + C(R)i
j(γφ)j
i(α0, λ0, Y0)/r
)
(29)
using the non-renormalization theorem for the triple gauge-ghost vertices [6].5 According to this
theorem, the Green functions corresponding to the superdiagrams with two external Faddeev–
Popov ghost lines and one external line of the quantum gauge superfield are finite in all orders.
As a consequence, the renormalization constants defined by the equations
Zα ≡
α
α0
; V ≡ ZV Z
−1/2
α VR; c¯c = ZcZ
−1
α c¯RcR; φi = (
√
Zφ)i
j(φR)j, (30)
where the subscript R stands for the renormalized superfields, satisfy the relation
d(Z
−1/2
α ZcZV )/d ln Λ = 0, so that it is possible to choose such a renormalization prescription
that
Z−1/2α ZcZV = 1. (31)
Below this will be always assumed.
Unlike Eq. (1), the new form of the NSVZ equation (29) relates the β-function in a certain
order to the anomalous dimensions of the quantum superfields only in the previous order due to
the absence of the coupling dependent denominator in the right hand side similarly to the Abelian
case [36, 37]. Moreover, it has a simple graphical interpretation, which is again analogous to the
Abelian case considered in [33, 77]. Namely, starting from a supergraph without external lines,
one obtains the corresponding part of the β-function by calculating superdiagrams constructed
by attaching two external lines of the background gauge superfield V in all possible ways. Eq.
(29) relates this part of the β-function to the contributions to the anomalous dimensions of
the quantum superfields which come from superdiagrams produced by all possible cuts of the
original supergraph. This qualitative picture has been confirmed by the comparison of the two-
loop β-function with the one-loop anomalous dimensions in Refs. [27, 54]. In the next order
the verification has been made only for certain groups of superdiagrams. Namely, Eq. (29) was
checked for the terms of the orders αλ2 and λ4 [51] and for the superdiagrams containing ghost
loops [53] (see also Ref. [78]).
Thus, it seems that it is Eq. (29) that is obtained in the perturbation theory by summing
supergraphs, certainly, in the case of using the higher covariant derivative regularization for
RGFs defined in terms of the bare couplings.
5In Ref. [6] this theorem has been derived for an arbitrary value of the gauge fixing parameter ξ0. For the non-
supersymmetric Yang–Mills theory [75] and for the N = 1 supersymmetric Yang–Mills theory in the component
formulation [76] similar statements were proved earlier in the Landau gauge ξ → 0.
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2. The NSVZ equation (29) can be derived from a certain relation between the Green
functions of the theory which is valid with the higher covariant derivative regularization in the
limit of the vanishing external momenta [6, 52]. Really, the β-function, defined in terms of the
bare couplings can be written as
β(ρα0, ρλ0λ
∗
0, Y0)
ρ2α20
=
d
d ln Λ
(
d−1 − (gg∗)−1α−10
)∣∣∣∣
α,λ,Y=const; p→0
, (32)
where we have introduced the notation
ρ ≡ gg∗. (33)
The function d−1 appears in the expression for the part of the effective action corresponding to
the two-point Green function of the background gauge superfield V = V AtA,
Γ
(2)
V = −
1
16pi
∫
d4p
(2pi)4
d4θV A(−p, θ)∂2Π1/2V
A(p, θ) d−1(ρα0, ρλ0λ
∗
0, Y0, Λ/p). (34)
(Certainly here we assume that g = 0.) Note that the function d−1 depends on couplings only
in the combinations ρα0 and ρλ
ijk
0 λ
∗
0mnp. It is important that the derivative with respect to
lnΛ in Eq. (32) should be taken at fixed values of the renormalized couplings (including the
parameters of the non-linear renormalization Y , see Ref. [78]). The limit p → 0 corresponding
to the vanishing external momentum is needed in order to get rid of the terms suppressed by
powers of p/Λ.
Similarly, the anomalous dimensions of the quantum superfields can be related to the corre-
sponding Green functions
γV (ρα0, ρλ0λ
∗
0, Y0) =
1
2
d lnGV
d ln Λ
∣∣∣∣
α,λ,Y=const; q→0
; (35)
γc(ρα0, ρλ0λ
∗
0, Y0) =
d lnGc
d ln Λ
∣∣∣∣
α,λ,Y=const; q→0
; (36)
(γφ)i
j(ρα0, ρλ0λ
∗
0, Y0) =
d( lnGφ)i
j
d ln Λ
∣∣∣∣
α,λ,Y=const; q→0
(37)
defined by the equations
Γ
(2)
V − S
(2)
gf = −
1
4e20ρ
∫
d4q
(2pi)4
d4θ V A(−q, θ)∂2Π1/2V
A(q, θ)GV (ρα0, ρλ0λ
∗
0, Y0, Λ/q); (38)
Γ(2)c =
1
4
∫
d4q
(2pi)4
d4θ
(
− c¯A(−q, θ)c∗A(q, θ) + c¯∗A(−q, θ)cA(q, θ)
)
Gc(ρα0, ρλ0λ
∗
0, Y0, Λ/q); (39)
Γ
(2)
φ =
1
4
∫
d4q
(2pi)4
d4θ φ∗i(−q, θ)φj(q, θ)(Gφ)i
j(ρα0, ρλ0λ
∗
0, Y0, Λ/q). (40)
Then, according to Refs. [6, 52], Eq. (29) can be equivalently rewritten as the relation between
the Green functions
∂2
∂g ∂g∗
d
d ln Λ
(
d−1 − (gg∗)−1α−10
)∣∣∣∣
α,λ,Y=const; p→0
=
1
2pi
∂2
∂g ∂g∗
d
d ln Λ
(
2C2 lnGc +C2 lnGV −
1
r
C(R)i
j( lnGφ)j
i
)∣∣∣∣
α,λ,Y=const; q→0
, (41)
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where g and g∗ are considered as independent variables. The derivatives with respect to these
parameters can be removed by the integration
1∫
+0
dρ
ρ
ρ∫
+0
dρ
∂2f(ρ)
∂g ∂g∗
= f(1)− f(0). (42)
(In the left hand side f(0) = β1-loop(α0)/α
2
0, while in the right hand side f(0) = 0, see the
detailed explanation in Ref. [52].)
3. Next, it is necessary to prove that the left hand side of Eq. (41) is given by integrals of
double total derivatives in all loops. In the non-Abelian case this has been done in Ref. [52].
For this purpose, first, it is necessary to extract the left hand side of Eq. (41) from the effective
action. To do this, we consider the derivative of the expression
∆Γ
(2)
V ≡ Γ
(2)
V − S
(2)
V (43)
with respect to lnΛ and make the formal substitution
V A → θ4vA, (44)
where θ4 = θaθaθ¯
a˙θ¯a˙, and v
A are functions slowly decreasing at a certain large scale R → ∞.
After some calculations it is possible to obtain
d∆Γ
(2)
V
d ln Λ
∣∣∣∣∣
α,λ,Y=const;V =θ4v
=
V4
2pi
·
β(ρα0, ρλ0λ
∗
0, Y0)
ρ2α20
, (45)
where
V4 ≡
∫
d4x (vA)2 ∼ R4 →∞ (46)
and all terms suppressed by powers of 1/(ΛR) should be omitted.
Taking into account that the coordinate independent parameter g and the superfield g enter
all terms containing the quantum superfields only in the combination (15) one can equivalently
rewrite the left hand side of Eq. (41) in the form
∂2
∂g ∂g∗
d
d ln Λ
(
d−1 − (gg∗)−1α−10
)∣∣∣∣
α,λ,Y=const; p→0
=
2pi
V4
·
∂2
∂g ∂g∗
d∆Γ
(2)
V
d ln Λ
∣∣∣∣∣
α,λ,Y=const;V =θ4v
=
pi
rV4
∫
d8x d8y d6z1 d
6z¯2 (θ
4)x(v
B)x (θ
4)y(v
B)y
d
d ln Λ
δ4Γ
δgz1δg
∗
z2δV
A
x δV
A
y
∣∣∣∣α, λ, Y = const;
fields = 0; g = 0
. (47)
Note that in our notation the subscript “fields=0” does not mean that g = 0. The latter
condition (if needed) is always written separately.
The last equality in Eq. (47) follows from the fact that all terms in the total action containing
quantum superfields depend on g and g only via the combination g = g + g. This implies that
the derivatives with respect to the superfields g and g∗ are related to the derivatives with respect
to the coordinate independent parameters g and g∗ by the identities∫
d6z1
δ
δgz1
=
∂
∂g
;
∫
d6z¯2
δ
δg∗z2
=
∂
∂g∗
. (48)
Also it is necessary to take into account that in the case of a simple gauge group there is the
only invariant tensor of the form IAB proportional to δAB .
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The expression (47) can be transformed with the help of the Slavnov–Taylor identities [79, 80]
for the background gauge invariance, rules for calculating supergraphs, and the identity (first
derived in Ref. [35])
θ2ABθ2 + 2(−1)PA+PBθaAθ2Bθa − θ
2Aθ2B −Aθ2Bθ2 = O(θ), (49)
where A and B are the sequences of vertices and propagators connecting certain points of a
supergraph. The result can be written as
∂2
∂g ∂g∗
(β(ρα0, ρλ0λ∗0, Y0)
ρ2α20
)
=
2pi
rV4
∫
d8x d8y d6z1 d
6z¯2 (θ
2)z1(v
B)2z1 (θ¯
2)z2
×(θ¯a˙(γµ)a˙
bθb)x(θ¯
c˙(γµ)c˙
dθd)y
d
d ln Λ
δ4Γ
δgz1δg
∗
z2δV
A
x δV
A
y
∣∣∣∣
fields=0; g=0
. (50)
An important observation is that this expression formally vanishes due to the Slavnov–Taylor
identity corresponding to the background gauge invariance (28), see Ref. [52] for the detailed
discussion. However, this is not true. In fact, the loop integrals contributing to this expression
are integrals of double total derivatives with respect to loop momenta analogous to the integral
(4) and do not vanish due to singularities of the integrands. To demonstrate the factorization
into double total derivatives, one can formally rewrite the expression (50) in the form
2pi
rV4
·
∂2
∂bµB ∂aBµ
δ¯bδ¯a
d
d ln Λ
∫
d6z1 d
6z¯2 (θ
2)z1(v
B)2z1 (θ¯
2)z2
δ2Γ
δgz1δg
∗
z2
∣∣∣∣
fields=0; g=0
= 0, (51)
where δ¯a denotes the variation of quantum superfields
6 under the background gauge transfor-
mations (28) with the parameters
A = iaBµ t
Byµ; and A+ = −iaBµ t
B(yµ)∗. (52)
The variation δ¯b is defined similarly, but a
B
µ should be replaced by b
B
µ . The vectors a
B
µ and b
B
µ
are coordinate independent, and yµ = xµ+ iθ¯a˙(γµ)a˙
bθb are chiral coordinates. In the momentum
representation each of these variations can be interpreted as a certain analog of an integral of
double total derivatives [52]. The correctness of this interpretation is confirmed by an algorithm
for obtaining the β-function which has been constructed starting from Eq. (51) and subsequently
verified by some highly nontrivial calculations [52, 53, 54].
The formal result (51) implies that all contributions to the β-function beyond the one-loop
approximation vanish. However, it is not correct, because, as we will see in this paper, in fact, the
expressions (50) and (51) are not equal. The difference originates from singular contributions,
which turn out to be missed in formal transformations.
4. Although Eq. (51) gives the incorrect one-loop result for the β-function, it is very useful,
because it allows to reduce the calculation of the exact β-function to finding a sum of singular
contributions appearing in integrals of double total derivatives. Therefore, to obtain the NSVZ
equation one should calculate this sum in all orders. The main purpose of the present paper is
to calculate its part coming from singularities produced by the matter superfields and by the
Faddeev–Popov ghosts.
To explain, how the singular contributions appear, and what is the difference between Eqs.
(50) and (51) we again consider a toy integral (4), which can be equivalently rewritten as
6In this case the background superfield V is not transformed, δ¯aV = 0.
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I = −2
∫
d4Q
(2pi)4
Qµ
Q4
∂
∂Qµ
(
f(Q2)−Q2f ′(Q2)
)
=
1
8pi4
∮
S3ε
dS
1
Q3
(
f(Q2)−Q2f ′(Q2)
)
. (53)
As we have already mentioned, this expression does not vanish due to the surface integral over
the small sphere S3ε surrounding the singularity at Qµ = 0.
However, it is possible to introduce the derivative ∂/∂Qµ in such a way that, by definition,
the integral of it is always equal to 0. In particular,
I ≡ −2
∫
d4Q
(2pi)4
∂
∂Qµ
[Qµ
Q4
(
f(Q2)−Q2f ′(Q2)
)]
≡ 0, (54)
Then, if we require that [ ∂
∂Qµ
,
Qµ
Q4
]
=
∂
∂Qµ
(Qµ
Q4
)
= 2pi2δ4(Q), (55)
the original integral I can be calculated in the following way:
I ≡ −2
∫
d4Q
(2pi)4
Qµ
Q4
∂
∂Qµ
(
f(Q2)−Q2f ′(Q2)
)
= I + 4pi2
∫
d4Q
(2pi)4
δ4(Q)
(
f(Q2)−Q2f ′(Q2)
)
=
1
4pi2
f(0). (56)
Equivalently, this can be written as
I = I − singularities of I = −singularities of I. (57)
Now we see that the expression (50) is an analog of the integral I, while the expression (51)
is an analog of the vanishing integral I. Therefore, although they are not equal, the former
expression can be obtained by calculating the sum of singular contributions in the latter one
using equations analogous to Eq. (57). This will done in the next section for the singularities
produced by the matter and ghost superfields.
5. Finally, it is necessary to construct the all-order prescription giving an NSVZ scheme for
RGFs standardly defined in terms of the renormalized couplings. If Eq. (29) is valid in all loops,
then it is given by HD+MSL [6]. The proof is made similar to the Abelian case considered in
Refs. [29, 81, 82].
4 The sum of singular contributions
4.1 Overview
The main idea used for calculating the right hand side of Eq. (50) is that the expression
θ¯a˙(γµ)a˙
bθb can be considered as a variation of the background gauge superfield under the in-
finitesimal background gauge transformation (28) with the parameter (52) in the lowest order
in V . In our notation the corresponding variations of various superfields are denoted by δa
where the subscript a refers to the parameter aAµ in Eq. (52). They should be distinguished
from the variations denoted by δ¯a which are nontrivial only for the quantum superfields and, by
definition, vanish for the background superfield V ,
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δ¯V ≡ 0; δV = −
( V
1− e−2V
)
Adj
A+
( V
1− e2V
)
Adj
A+; δV = δ¯V = −[A+, V ];
δφi = δ¯φi = Ai
jφj ; δc = δ¯c = [A, c]; δc¯ = δ¯c¯ = [A, c¯]; δb = δ¯b = [A, b];
δΦi = δ¯Φi = Ai
jΦj ; δϕa = δ¯ϕa = [A,ϕa]. (58)
Expanding δV in powers of V and substituting the expressions for A and A+ from Eq. (52) we
obtain
δaV
A = aAµ θ¯
a˙(γµ)a˙
bθb + f
ABCV BaCµ x
µ +O(V 2). (59)
Due to the background gauge invariance the effective action satisfies the Slavnov–Taylor
identity [79, 80]. It can be obtained in the standard way by making the change of variables in
the generating functional coinciding with the transformations (28) for the quantum superfields
(at fixed V ). For the considered symmetry the Slavnov–Taylor identity is reduced to the equation
which can be interpreted as the manifest background gauge invariance of the effective action,
0 = δΓ = δ¯Γ +
∫
d8y δV By
δΓ
δV By
, (60)
where the parameter A is unfixed. It is important that the (super)fields in this equation are
not set to 0, so that we will call it the generating Slavnov–Taylor identity. However, for the
parameter A given by Eq. (52) this identity does not actually take place, because the gauge
parameter too rapidly grows at the space-time infinity, see Ref. [52]. Thus, in this case Eq. (60)
is valid only formally, and it is necessary to take into account singular contributions.
Nevertheless, if we formally apply Eq. (60) to the transformations parameterized by A =
iaBµ t
Byµ, then from Eq. (50) we obtain
∂2
∂g ∂g∗
(β(ρα0, ρλ0λ∗0, Y0)
ρ2α20
)
= (formally) = −
2pi
rV4
·
∂
∂aAµ
δ¯a
∫
d8x d6z1 d
6z¯2 (θ
2)z1(v
B)2z1
×(θ¯2)z2 (θ¯
a˙(γµ)a˙
bθb)x
d
d ln Λ
δ3Γ
δgz1δg
∗
z2δV
A
x
∣∣∣∣
fields=0; g=0
= 0, (61)
where we took into account that the variation δ¯a vanishes if the quantum (super)fields are set
to 0, and the derivative of the second term in Eq. (59) with respect to V Ax is proportional to
fAAC = 0. Eq. (61) is equivalent to the (incorrect) statement that all higher order (L ≥ 2)
contributions to the β-function vanish.7 However, in fact, Eq. (61) is not valid, because for
the background gauge transformations with the parameter (52) the generating Slavnov–Taylor
identity (60) is broken by singular contributions, which appear due to the rapid growth of the
gauge parameter at infinity,
0 6= δaΓ = δ¯aΓ +
∫
d8y δaV
B
y
δΓ
δV By
. (62)
In a certain degree this equation is analogous to Eq. (57). Namely, δ¯aΓ and δaΓ are the analogs
of I and I, respectively, while the last term is given by the sum of singular contributions. This
analogy suggests a way of calculating the sum of singular contributions which produce all higher
7The one-loop contribution to the expression β/ρ2α20 does not depend on ρ and vanishes after differentiating
with respect to g and (or) g∗
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order corrections to the β-function. Namely, using Eq. (62) and the last equality in Eq. (61)
we can present the considered expression as a variation δa of a certain derivative of the effective
action,
∂2
∂g ∂g∗
(β(ρα0, ρλ0λ∗0, Y0)
ρ2α20
)
=
2pi
rV4
·
∂
∂aAµ
δa
∫
d8x d6z1 d
6z¯2 (θ
2)z1(v
B)2z1
×(θ¯2)z2 (θ¯
a˙(γµ)a˙
bθb)x
d
d ln Λ
δ3Γ
δgz1δg
∗
z2δV
A
x
∣∣∣∣
fields=0; g=0
. (63)
The derivative of the effective action with respect to the background gauge superfield at
vanishing quantum fields is equal to the derivative of the generating functional W = −i lnZ at
vanishing sources. The latter one can be presented as a sum of terms, each of them corresponding
to a certain part of the total action,
δΓ
δV Ax
∣∣∣∣
quantum fields=0
=
〈δSgauge
δV Ax
+
δSgf
δV Ax
+
δSmatter
δV Ax
+
δSFP
δV Ax
+
δSNK
δV Ax
+
δSϕ
δV Ax
− c
〈 δSΦ
δV Ax
〉
Φ
〉∣∣∣∣
quantum fields=0
, (64)
where the angular brackets stand for the functional integrations
〈B〉 ≡
1
Z
∫
DµBDet(PV,Mϕ)
−1Det(PV,M)c exp
{
i (Stotal + Ssources)
}
; (65)
〈B〉Φ ≡ Det(PV,M)
∫
DΦB exp(iSΦ), (66)
Sgauge is a part of Sreg which does not contain matter superfields, and Smatter is a sum of all
terms in Sreg containing them. Note that the last term in Eq. (64) has a structure different
from the others, because it comes from Det(PV,M)c, which cannot in general be presented as a
functional integral (unlike Det(PV,M)−1 and Det(PV,Mϕ)
−1). We will always assume that in
expressions like (64) sources are expressed in terms of (super)fields with the help of the standard
equations, and the condition “sources=0” is equivalent to “quantum fields=0”. However, in the
expression (64) we so far do not set V to 0 and g to 1. The derivatives of the actions Sφ0 and
Sc0 with respect to the background gauge superfield are not included into Eq. (64) because
these terms vanish when the auxiliary sources φ0, c0, and c¯0 are set to 0.
According to Eqs. (63) and (64) various higher order corrections to the β-function can be
associated with various parts of the total action. Certainly, the corresponding contributions
to the β-function are given by integrals of total derivatives (which originate from δa). That is
why only the ones produced by the massless superfields are nontrivial due to Eq. (55), while
the massive Pauli–Villars superfields cannot produce singularities. (However, closed loops of
these superfields can be present in singular contributions produced by massless superfields.)
Moreover, the Nielsen–Kallosh ghosts are essential only in the one-loop approximation, so that
their contribution to the expression (63) also vanishes. This can be easily verified taking into
account that their action is quadratic in quantum superfields and does not depend on the
parameter g. Thus, we obtain
∂2
∂g ∂g∗
(β(ρα0, ρλ0λ∗0, Y0)
ρ2α20
)
=
2pi
rV4
·
∂
∂aAµ
δa
∫
d8x d6z1 d
6z¯2 (θ
2)z1(v
B)2z1 (θ¯
2)z2
×(θ¯a˙(γµ)a˙
bθb)x
d
d ln Λ
δ2
δgz1δg
∗
z2
〈δSgauge
δV Ax
+
δSgf
δV Ax
+
δSmatter
δV Ax
+
δSFP
δV Ax
〉∣∣∣∣
fields=0; g=0
. (67)
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Therefore, we need to calculate only the contributions coming from Smatter, SFP, and Sgauge+Sgf.
Below we consider only the ones corresponding to cuts of matter and ghost propagators, which
come from Smatter and SFP. Below we will demonstrate that their sums give the terms in the
right hand side of Eq. (41) containing (lnGφ)j
i and lnGc, respectively, or, equivalently, the
terms containing (γφ)j
i and γc in Eq. (29).
4.2 The matter superfields
We will start with calculating singular contributions generated by the matter superfields.
The massive Pauli–Villars superfields do not produce singularities, so that (as we have already
mentioned) it is sufficient to consider a part of the action containing only the usual chiral matter
superfields φi,
Smatter =
1
4
∫
d8xφ∗i
(
F
(
−
∇¯2∇2
16Λ2
)
e2F(V )e2V
)
i
jφj +
(1
6
λijk0
∫
d6x g φiφjφk + c.c.
)
, (68)
where the covariant derivatives are given by Eq. (13) and V = V ATA. The corresponding
contribution to the left hand side of Eq. (67) is given by the expression
∆matter =
2pi
rV4
·
∂
∂aAµ
δa
∫
d8x d6z1 d
6z¯2 (θ
2)z1(v
B)2z1 (θ¯
2)z2
×(θ¯a˙(γµ)a˙
bθb)x
d
d ln Λ
δ2
δgz1δg
∗
z2
〈δSmatter
δV Ax
〉∣∣∣∣
fields=0; g=0
. (69)
The derivative of Smatter with respect to V
A entering this expression is calculated in Ap-
pendix A.1. After some transformations involving Eq. (8) and the identity
D¯2D2φ = −16∂2φ (70)
valid for an arbitrary chiral superfield φ, the result can be written as
δSmatter
δV A
=
δSmatter
δφi
(TA)i
j D
2
4∂2
φj − D¯
a˙
(
(X¯Aa˙ )WZ + (X¯
A
a˙ )HD + (X¯
A
a˙ )Yukawa
)
+terms containing [V , TA]. (71)
In this equation we use the notations
(X¯Aa˙ )WZ = −D¯a˙
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
(TA)i
j D
2
32∂2
φj +
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )
×e2V
]i
(TA)i
j D¯a˙D
2
32∂2
φj; (72)
(X¯Aa˙ )HD =
∞∑
α=1
α−1∑
β=0
fα
{
1
2
[(
−
∇2∇¯2
16Λ2
)β
φ+
]i(
e2F(V )TAe−2F(V )
)
i
j
[∇¯a˙∇2
16Λ2
(
−
∇¯2∇2
16Λ2
)α−β−1
×e2F(V )e2V φ
]
j
−
1
2
[
∇¯a˙
(
−
∇2∇¯2
16Λ2
)β
φ+
]i(
e2F(V )TAe−2F(V )
)
i
j
[ ∇2
16Λ2
(
−
∇¯2∇2
16Λ2
)α−β−1
×e2F(V )e2V φ
]
j
}
; (73)
(X¯Aa˙ )Yukawa = −
2
3
g λijk0 (T
A)k
m
(D2
8∂2
φm
D¯a˙D
2
16∂2
φi φj −
D¯a˙D
2
8∂2
φm
D2
16∂2
φi φj
)
, (74)
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where the coefficients fα are defined as F (x) = 1 + f1x+ f2x
2 + . . .
To calculate ∆matter, it is necessary to present the expression (69) in the form of an integral
of a total derivative and find its singular part. As a starting point we consider
∂
∂aAµ
δa
∫
d8x (θ¯a˙(γµ)a˙
bθb)x
〈δSmatter
δV Ax
〉∣∣∣∣
fields=0
=
∂
∂aAµ
δa
∫
d8x (θ¯a˙(γµ)a˙
bθb)x
×
〈δSmatter
δφi
(TA)i
j D
2
4∂2
φj − D¯
c˙
(
(X¯Ac˙ )WZ + (X¯
A
c˙ )HD + (X¯
A
c˙ )Yukawa
)〉∣∣∣∣
fields=0
, (75)
where the variation δa should be calculated before the fields are set to 0. The terms containing
[V , TA] vanish because due to Eq. (59)
∂
∂aAµ
δa[V , T
A]
∣∣∣
V =0
= θ¯a˙(γµ)a˙
bθb [T
A, TA] = 0, (76)
and V should be set to 0 in the resulting expression due to the condition “fields=0”. It is
possible to demonstrate that the first term in Eq. (75) also vanishes. For this purpose we use
the identity 〈
B
δSmatter
δφi
〉∣∣∣∣
fields=0
= i
〈 δB
δφi
〉∣∣∣∣
fields=0
, (77)
where B is a certain function(al) depending on the superfields of the theory. For proving this
identity one should make the change of variables φi → φi + ai, where ai are chiral superfields,
in the functional integral Z〈B〉, see Eq. (65). Using Eq. (77) we see that the first term in the
right hand side of Eq. (75) vanishes, because it turns out to be proportional to tr(TA) = 0.
In the remaining terms in the right hand side of Eq. (75) we integrate by parts with respect
to the derivative D¯c˙. This allows rewriting the expression (75) in the form
∂
∂aAµ
∫
d8x (γµ)
a˙bθb δa
〈
(X¯Aa˙ )WZ + (X¯
A
a˙ )HD + (X¯
A
a˙ )Yukawa
)〉∣∣∣∣
fields=0
. (78)
This expression is formally calculated in Appendix B. This formal calculation gives the vanishing
result in agreement with the general argumentation of Ref. [52]. However, in the momentum
representation the result can be written as an integral of a total derivative which contains
singular contributions. In this section we consider only singularities corresponding to the cuts
of the matter superfield propagators. They are analysed in Appendix C. It turns out that such
singular contributions can appear from the terms containing (X¯Aa˙ )WZ and (X¯
A
a˙ )Yukawa, while the
term containing (X¯Aa˙ )HD does not produce them.
Taking into account that, as we discussed in Sect. 4.1, the variation δa is analogous to the
integral I (of a usual total derivative ∂/∂qµ) defined by Eq. (53), the result for the sum of
singularities in Eq. (78) corresponding to the cuts of matter propagators obtained in Appendix
C can be written as
∫
d4q
(2pi)4
∂
∂qµ
∫
d8x d8y (γµ)a˙bθb
〈{[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
+ g λimn0 φm
D2
4∂2
φn
}
x
× δ8yx(q)C(R)i
j
(D¯a˙D2
16∂2
φj
)
y
〉∣∣∣∣
fields=0
, (79)
where the nonsingular higher derivative terms coming from (X¯Aa˙ )HD were omitted, and we in-
troduced the notation
15
δ8xy(q) ≡ δ
4(θx − θy)e
iqα(xα−yα). (80)
It is convenient to present the expression (79) in a different form. For this purpose we
introduce the scalar superfields φ0i which do not satisfy the chirality condition in the same
representation of the gauge group as φi. Their action is written as
Sφ0 =
∫
d8x
{ 1
4
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
φ0i
+g λimn0 φ0i φm
[
e−2V
1
16(∇µ)2
∇
2(e2V φ)
]
n
+ c.c.
}
, (81)
where the background derivative ∇µ is defined by the equation {∇a, ∇¯b˙} = 2i(γ
µ)ab˙∇µ and
in the lowest order in V coincides with the usual derivative ∂µ. (Due to the presence of the
covariant derivatives the background gauge invariance remains unbroken.) Including Sφ0 into
the generating functional (22) we can consider the superfields φ0i as auxiliary sources. For V = 0
the derivative of the action (and, therefore, of the effective action) with respect to φ0i is related
to the derivative with respect to the chiral superfields φi by the identity
−
1
2
D¯2
δΓ
δφ0i
∣∣∣∣
φ0,V =0
= −
1
2
D¯2
〈δSφ0
δφ0i
〉∣∣∣∣
φ0,V =0
=
〈 δS
δφi
〉∣∣∣∣
φ0,V =0
=
δΓ
δφi
∣∣∣∣
φ0,V =0
, (82)
where the other (super)fields are not set to 0. Actually, Eq. (82) can be considered as the
Schwinger–Dyson equation for the matter superfields. It can be derived with the help of the
integration variable change φi → φi + ai in the generating functional, where ai are chiral super-
fields.
With the help of the sources φ0i it is possible to rewrite Eq. (79) in the equivalent form
−
∫
d4q
(2pi)4
∂
∂qµ
∫
d8x d8y δ8yx(q) (γ
µ)a˙
bθb
〈 δSφ0
δφ0i,x
C(R)i
j D¯
a˙D2
4∂2
φj,y
〉∣∣∣∣
fields=0
, (83)
where φi,x ≡ φi(x
µ, θx). Thus, we obtain
∆matter = −
2pi
rV4
·
d
d ln Λ
∫
d6z1 d
6z¯2 (θ
2)z1(v
B)2z1 (θ¯
2)z2
δ2
δgz1δg
∗
z2
×
∫
d4q
(2pi)4
∂
∂qµ
∫
d8x d8y δ8yx(q) (γ
µ)a˙
bθb
〈 δSφ0
δφ0i,x
C(R)i
j D¯
a˙D2
4∂2
φj,y
〉∣∣∣∣
fields=0; g=0
. (84)
This expression is quadratic in explicitly written θ¯-s and encodes a sum of certain (at least, con-
nected) superdiagrams. Calculating superdiagrams it is impossible to obtain explicitly written
θ-s or θ¯-s (although θ-s and θ¯-s are also present inside the supersymmetric covariant deriva-
tives). It is well known (see, e.g., [56]) that with the help of the D-algebra any supergraph can
be reduced to the integral over d4θ. Therefore, terms linear in explicit θ¯ and terms which do not
contain explicit θ¯ vanish. This implies that θ¯2 in Eq. (84) can be shifted in an arbitrary point.
Really, if θ¯2 is shifted with the help of identities like
(θ¯a˙)1
D21D¯
2
1
4∂2
δ812 =
D21D¯
2
1
4∂2
(
(θ¯a˙)1δ
8
12
)
+O(1) = (θ¯a˙)2
D21D¯
2
1
4∂2
δ812 +O(1) (85)
(where O(1) denotes terms which do not explicitly depend on θ¯) we obtain only terms less than
quadratic in θ¯, which are removed by the final integration over d4θ.
Using this possibility we can replace θ¯2 to the point x. Moreover, we take into account the
chirality of the superfield φj and use the identity
16
[D¯a˙,D2] = −4i(γν)c
a˙Dc∂ν . (86)
Then it is possible to rewrite the expression (84) in the form
∆matter =
2pi
rV4
·
d
d ln Λ
∫
d6z1 d
6z¯2 (θ
2)z1(v
B)2z1
δ2
δgz1δg
∗
z2
∫
d4q
(2pi)4
∂
∂qµ
qν
q2
×
∫
d8x d8y δ8yx(q) (θ¯
2θb)x(γ
µγν)b
c
〈 δSφ0
δφ0i,x
C(R)i
jDcφj,y
〉∣∣∣∣
fields=0; g=0
, (87)
where the Minkowski momentum qν is obtained when the derivatives act on δ
8
yx(q) after inte-
grating by parts. (Certainly, the momentum integrals should be calculated in the Euclidean
space after the Wick rotation. This will be done later.)
Using the second identity in Eq. (48)8 we can present the expression under consideration as
∆matter =
2pi
rV4
·
d
d ln Λ
∂
∂g∗
∫
d6z1 (θ
2)z1(v
B)2z1
δ
δgz1
∫
d4q
(2pi)4
∂
∂qµ
qν
q2
×
∫
d8x d8y δ8yx(q) (θ¯
2θb)x(γ
µγν)b
c
〈 δSφ0
δφ0i,x
C(R)i
jDcφj,y
〉∣∣∣∣
fields=0; g=0
. (88)
It is convenient to rewrite it in terms of the effective action. For this purpose we use the identity〈 δSφ0
δφ0i,x
φj,y
〉∣∣∣∣
fields=0
=
1
i
δ
δjj,y
〈 δSφ0
δφ0i,x
〉∣∣∣∣
fields=0
= −i
δ2Γ
δjj,y δφ0i,x
∣∣∣∣
fields=0
, (89)
where the derivative with respect to the source should be expressed in terms of the variational
derivatives with respect to the superfields of the theory,
δ
δjj,y
= −
∫
d8w
[( δ2Γ
δφj,yδφ∗k,w
)−1 D¯2
8∂2
δ
δφ∗k,w
+
( δ2Γ
δφj,yδφk,w
)−1 D2
8∂2
δ
δφk,w
+ . . .
]
, (90)
where dots denote similar terms with the derivatives with respect to the other superfields, which
are present because the superfields in this equation are not so far set to 0. Therefore,
∆matter = −
2pi
rV4
·
d
d ln Λ
∂
∂g∗
∫
d6z1 (θ
2)z1(v
B)2z1
δ
δgz1
∫
d4q
(2pi)4
∂
∂qµ
iqν
q2
×
∫
d8x d8y δ8yx(q) (θ¯
2θb)x(γ
µγν)b
cC(R)i
j(Dc)y
δ2Γ
δjj,y δφ0i,x
∣∣∣∣
fields=0; g=0
. (91)
This expression can be presented as a sum of certain effective superdiagrams using the
method similar to the one proposed in Ref. [83]. For this purpose it is necessary to commute
the derivative with respect to the source jj,y with the derivative with respect to gz1 . Note that
these derivatives do not commute, because we consider the superfields (V , φ, etc.) and the
source g as independent variables. With the help of Eq. (90) after some transformations the
result can be presented as
8The first one cannot be applied due to the presence of (θ2)z1 in Eq. (87).
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∆matter = −
2pi
rV4
·
d
d ln Λ
∂
∂g∗
∫
d6z1 (θ
2)z1(v
B)2z1
∫
d4q
(2pi)4
∂
∂qµ
iqν
q2
∫
d8x d8y δ8yx(q)
×(θ¯2θb)x(γ
µγν)b
cC(R)i
j(Dc)y
[
δ
δjj,y
δ2Γ
δgz1 δφ0i,x
+
∫
d8w
δ
δjj,y
δ2Γ
δgz1 δφk,w
·
(D2
8∂2
)
w
×
δ2Γ
δjk,w δφ0i,x
+
∫
d8w
δ
δjj,y
δ2Γ
δgz1 δφ
∗k
,w
·
( D¯2
8∂2
)
w
δ2Γ
δj∗k,w δφ0i,x
]∣∣∣∣
fields=0; g=0
, (92)
where, again, the derivatives with respect to the sources should be expressed in terms of the
derivatives with respect to the fields. Eq. (92) admits a graphical interpretation as a sum of two
effective diagrams, which are presented in Fig. 1. In these diagrams external lines correspond
to (θ2)z1(v
B)2z1 and (θ¯
2θb)x. The double solid lines denote the exact propagators of the matter
superfields and the large disks denote the effective vertices. The small disk encodes the derivative
with respect to the sources φ0i, and the circle corresponds to the total derivative with respect
to the loop momentum qµ.
θ2θ¯2θb
(M1)
θ2θ¯2θb
(M2)
Figure 1: These two effective diagrams encode contributions to the β-function coming from the
chiral matter superfields.
Let us find the results for both these superdiagrams. We will start with calculating the
diagram (M1) in Fig. 1 (which is given by the sum of the terms containing the integration over
w). This can be done with the help of the identities [35]
δ2Γ
δjk,wδφ0i,x
∣∣∣∣
fields=0; g=0
= δik
(D¯2D2
16∂2
)
w
δ8xw;
δ2Γ
δj∗k,wδφ0i,x
∣∣∣∣
fields=0; g=0
= 0. (93)
To obtain the first equation one should differentiate Eq. (82) with respect to jk,w and take
into account that from dimensional and chirality considerations the left hand side should be
proportional to (D¯2D2/∂2)w in the massless case. The second identity is derived in a similar
way by differentiating Eq. (82) with respect to j∗k,w. Its left hand side in the massless case
should be proportional to (D2D¯2/∂2)w.
Using Eq. (93) after some transformations the expression for the diagram (M1) in Fig. 1
can be presented as
(M1) = −
2pi
rV4
·
d
d ln Λ
∂
∂g∗
∫
d6z1 (θ
2)z1(v
B)2z1
∫
d4q
(2pi)4
∂
∂qµ
iqν
8q4
∫
d8x d8y δ8yx(q)C(R)i
j
×(θ¯2θb)x (γ
µγν)b
c(Dc)y(D
2)x
δ
δjj,y
δ2Γ
δgz1 δφi,x
∣∣∣∣
fields=0; g=0
. (94)
Then we integrate by parts with respect to the derivative (Dc)y and use the identity
(Dc)yδ
8
yx(q) = −(Dc)xδ
8
yx(q). Next, we again integrate by parts with respect to the deriva-
tive (Dc)x. As a result, the expression under consideration takes the form
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(M1) = −
2pi
rV4
·
d
d ln Λ
∂
∂g∗
∫
d6z1 (θ
2)z1(v
B)2z1
∫
d4q
(2pi)4
∂
∂qµ
iqµ
4q4
∫
d8x d8y (θ¯2)xδ
8
yx(q)
×C(R)i
j(D2)x
δ
δjj,y
δ2Γ
δgz1 δφi,x
∣∣∣∣
fields=0; g=0
. (95)
Here we can shift θ2 from the point z1 to the point y, because the expression under consid-
eration is quadratic in the explicitly written (right components of) θ. As we discussed above, in
this case various shifts of θ2 generate either linear terms or terms without θa, which are removed
by the final integration over d4θ. Also it is possible to replace (vB)2 from the point z1 to the
point y, because the difference is proportional to 1/(Λ2R2)→ 0, see Ref. [52] for details. After
these shifts one can use the first identity in Eq. (48) for rewriting the result in terms of the
derivative with respect to the coordinate independent parameter g,
(M1) = −
2pi
rV4
·
d
d ln Λ
∂
∂g∗
∫
d4q
(2pi)4
∂
∂qµ
iqµ
4q4
∫
d8x d8y (θ4)y(v
B)2y
× δ8yx(q)C(R)i
j(D2)x
δ
δjj,y
∂
∂g
δΓ
δφi,x
∣∣∣∣
fields=0; g=0
. (96)
Certainly, here the derivative with respect to the source jj should be expressed in terms of the
derivatives with respect to superfields with the help of Eq. (90).
The expression (96) contains only two-point Green functions. The only one which survives
in the massless limit is
δ2Γ
δφj,xδφ∗i,y
∣∣∣∣
fields=0; g=0
= (Gφ)i
j D¯
2
xD
2
y
16
δ8xy, (97)
where (Gφ)i
j defined by Eq. (40) is a dimensionless function of α0, λ0, Y0, g, Λ
2/∂2, aϕ =Mϕ/Λ,
and a =M/Λ. The corresponding inverse Green function has the form (see, e.g., [83])( δ2Γ
δφi,xδφ
∗j
,y
)−1∣∣∣∣
fields=0; g=0
= −(G−1φ )i
j
D¯2xD
2
y
4∂2
δ8xy. (98)
The functions (97) and (98) should be substituted into Eq. (96). After this it is necessary to
perform the Wick rotation qµ → Qµ, where Qµ is the Euclidean momentum, q0 = iQ4, qi = Qi,
so that qµqµ = −Q
µQµ and d
4q = id4Q. After some calculations the expression for the diagram
(M1) can be rewritten as
(M1) =
2pi
rV4
·
d
d ln Λ
∂2
∂g ∂g∗
∫
d8x (θ4)x(v
B)2xC(R)i
j
∫
d4Q
(2pi)4
∂
∂Qµ
( Qµ
2Q4
( lnGφ)j
i
)
. (99)
The integral in this expression does not vanish due to the singular contribution which comes
from the integration over the sphere S3ε of the infinitely small radius ε surrounding the point
Qµ = 0,
(M1) = −
2pi
rV4
·
d
d ln Λ
∂2
∂g ∂g∗
∫
d8x (θ4)x(v
B)2xC(R)i
j
∮
S3ε
dS
(2pi)4
1
2Q3
( lnGφ)j
i. (100)
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(The integral over the infinitely large sphere S3∞ in the momentum space vanishes due to the
higher covariant derivative regularization.) The integral in Eq. (100) can be easily taken and
the contribution of the effective superdiagram (M1) in Fig. 1 appears to be
(M1) = −
1
2pir
C(R)i
j d
d ln Λ
∂2
∂g ∂g∗
( lnGφ)j
i
∣∣∣
Q=0
. (101)
Now, let us consider the remaining contribution corresponding to the effective diagram (M2)
in Fig. 1, which is given by the expression
(M2) = −
2pi
rV4
·
d
d ln Λ
∂
∂g∗
∫
d6z1 (θ
2)z1(v
B)2z1
∫
d4q
(2pi)4
∂
∂qµ
iqν
q2
∫
d8x d8y δ8yx(q)C(R)i
j
× (θ¯2θb)x(γ
µγν)b
c(Dc)y
δ
δjj,y
δ2Γ
δgz1 δφ0i,x
∣∣∣∣
fields=0; g=0
. (102)
As for the previous superdiagram, the integral can be non-vanishing due to the singularity. After
the Wick rotation the singular contribution appears from the integral over the sphere S3ε . The
integral over S3∞ vanishes, because the Green functions rapidly decrease at infinity (Q → ∞)
due to the higher covariant derivative regularization.
After expressing the derivative with respect to jj,y in terms of the derivatives with respect
to the superfields with the help of Eqs. (90) and using Eq. (98), the above expression can be
rewritten as
(M2) = −
2pi
rV4
·
d
d ln Λ
∂
∂g∗
∫
d4q
(2pi)4
∂
∂qµ
iqν
2q4
∫
d8x d8y d6z1 (θ
2)z1(v
B)2z1 δ
8
yx(q) (θ¯
2θb)x
×C(R)i
j(G−1φ (q))j
k (γµγν)b
c(DcD¯
2)y
δ3Γ
δφ∗k,y δgz1δφ0i,x
∣∣∣∣
fields=0; g=0
. (103)
From chirality considerations, we see that the Green function entering this expression can be
presented in the form
δ3Γ
δφ∗k,y δgz1δφ0i,x
∣∣∣∣
fields=0; g=0
= (D2)y(D¯
2)z1
∫
d4p
(2pi)4
d4k
(2pi)4
(
a(k, p)k
i + bµ(k, p)k
i (γµ)ab˙
×(Da)z1(D¯b˙)y + d(k, p)k
i (D2)z1(D¯
2)y
)(
δ8xy(−k − p) δ
8
xz1(p)
)
, (104)
where a(k, p)k
i, bµ(k, p)k
i, and d(k, p)k
i are functions of the external momenta p and k, which
correspond to the external g-leg and the external φ0-leg, respectively. Substituting Eq. (104)
into Eq. (103), after some transformations involving the algebra of the supersymmetric covariant
derivatives we find the expression for the diagram (M2) in Fig. 1,
(M2) = −
128ipi
r
C(R)i
j d
d ln Λ
∂
∂g∗
∫
d4q
(2pi)4
∂
∂qµ
[ 1
q2
(G−1φ (q))j
kbµ(q, 0)k
i
]
= 0. (105)
The last equality follows from the fact that the surface integral over the sphere S3ε evidently
vanishes. (The integrals giving the functions Gφ and bµ do not contain propagators with the
momentum q.)
Thus, we obtain that the total contribution to the left hand side of Eq. (67) coming from
the matter singularities has the form
20
∆matter = (M1) + (M2) = −
1
2pir
C(R)i
j d
d ln Λ
∂2
∂g ∂g∗
( lnGφ)j
i
∣∣∣
Q=0
= −
1
2pir
C(R)i
j ∂
2
∂g ∂g∗
(γφ)j
i(ρα0, ρλ0λ
∗
0, Y0) (106)
and coincides with the last term in the right hand side of Eq. (41). Evidently, after the
integration (42) we obtain the last term in the new form of the NSVZ equation (29).
4.3 The Faddeev–Popov ghosts
Let us proceed to calculating the Faddeev–Popov ghost contribution to the sum of singular-
ities (67). The relevant part of the total action is given by Eq. (20). First, it is necessary to
calculate the derivative of SFP with respect to the background gauge superfield. The explicit
expression for this derivative (given by Eq. (138)) is presented in Appendix A.2, where we
demonstrate that it can be written in the form
δSFP
δV A
= −
δSFP
δc¯B
(TAAdj)BD
D2
4∂2
c¯D −
δSFP
δcB
(TAAdj)BD
D2
4∂2
cD
−D¯a˙(X¯Aa˙ )FP + terms containing [V , T
A]Adj . (107)
Note that the minus signs in the first two terms originate from the anticommutation of the ghost
superfields. The (rather large) expression for (X¯Aa˙ )FP is also presented in Appendix A.2, see Eq.
(139).
The Faddeev–Popov ghost contribution to the left hand side of Eq. (67) is written as
∆ghost =
2pi
rV4
·
∂
∂aAµ
δa
∫
d8x d6z1 d
6z¯2 (θ
2)z1(v
B)2z1
× (θ¯2)z2 (θ¯
a˙(γµ)a˙
bθb)x
d
d ln Λ
δ2
δgz1δg
∗
z2
〈δSFP
δV Ax
〉∣∣∣∣
fields=0; g=0
, (108)
where δa denotes the variation of various superfields under the transformations (28) with the
parameter (52). Using Eq. (107) a part of this expression can be presented in the form
∂
∂aAµ
δa
∫
d8x (θ¯a˙(γµ)a˙
bθb)x
〈δSFP
δV Ax
〉∣∣∣∣
fields=0
=
∂
∂aAµ
δa
∫
d8x (θ¯a˙(γµ)a˙
bθb)x
×
〈
−
δSFP
δc¯B
(TAAdj)BD
D2
4∂2
c¯D −
δSFP
δcB
(TAAdj)BD
D2
4∂2
cD − D¯c˙(X¯Ac˙ )FP
〉∣∣∣∣
fields=0
. (109)
Note that the terms containing [V , TA]Adj vanish due to Eq. (76) and the condition “fields=0”
exactly as for the matter contribution considered in Sect. 4.2.
Setting the (super)fields and the auxiliary sources c0 to 0 and making in the functional
integral for Z〈B〉 the changes of the integration variables c¯A → c¯A+ aA or cA → cA+ aA, where
aA are anticommuting chiral superfields, we obtain the identities
〈δSFP
δc¯A
B
〉∣∣∣∣
fields=0
= i
〈 δB
δc¯A
〉∣∣∣∣
fields=0
;
〈δSFP
δcA
B
〉∣∣∣∣
fields=0
= i
〈 δB
δcA
〉∣∣∣∣
fields=0
. (110)
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Using these identities and taking into account that (TAAdj)BB = −if
ABB = 0, we conclude that
the first two terms in Eq. (109) vanish. Therefore, after integrating by parts with respect to
the derivative D¯c˙, it is possible to present the expression (109) in the form
∂
∂aAµ
∫
d8x (γµ)a˙bθb δa
〈
(X¯Aa˙ )FP
〉∣∣∣∣
fields=0
. (111)
Next, we introduce the anticommuting superfields c0 and c¯0 in the adjoint representation, which
are considered as auxiliary sources and do not satisfy the chirality condition, and add the term
Sc0 =
1
2
∫
d8x
∂F−1(V˜ )A
∂V˜ B
∣∣∣∣
V˜=F(V )
[(
(e2V )Adj c¯0
)A{( F(V )
1− e2F(V )
)
Adj
c+ +
( F(V )
1− e−2F(V )
)
Adj
×
(
e2V
)
Adj
c
}B
+
(
e2V c¯ e−2V + c¯+
)A{( F(V )
1− e−2F(V )
e2V
)
Adj
c0
}B ]
+ c.c. (112)
to the action. Then, in analogy to Eq. (82), it is possible to derive the identities
−
1
2
D¯2
δΓ
δc¯B0
∣∣∣∣
c0,c¯0=0
=
δΓ
δc¯B
∣∣∣∣
c0,c¯0=0
; −
1
2
D¯2
δΓ
δcB0
∣∣∣∣
c0,c¯0=0
=
δΓ
δcB
∣∣∣∣
c0,c¯0=0
, (113)
which relate the derivatives of the effective action with respect to c¯0 and c0 to the derivatives
with respect to c¯ and c, respectively.
Similar to the case of the matter singularities considered in the previous section, the sum
of singularities corresponding to the cuts of ghost propagators in the expression (111) can be
written as
−C2
∫
d4q
(2pi)4
∂
∂qµ
∫
d8x d8y δ8yx(q) (γ
µ)a˙
bθb
〈 δSc0
δc¯A0,x
D¯a˙D2
4∂2
c¯Ay +
δSc0
δcA0,x
D¯a˙D2
4∂2
cAy
〉∣∣∣∣
fields = 0
. (114)
(Singularities corresponding to the cuts of the quantum gauge superfield propagators are not
considered in this paper.) This implies that total contribution produced by the Faddeev–Popov
ghosts is
∆ghost =
2pi
rV4
· C2
d
d ln Λ
∫
d6z1 d
6z¯2 (θ
2)z1(v
B)2z1 (θ¯
2)z2
δ2
δgz1δg
∗
z2
∫
d4q
(2pi)4
∂
∂qµ
qν
q2
×
∫
d8x d8y δ8yx(q) (θ
b)x(γ
µγν)b
d
〈 δSc0
δc¯A0,x
Ddc¯
A
y +
δSc0
δcA0,x
Ddc
A
y
〉∣∣∣∣
fields=0; g=0
. (115)
Because this expression is quadratic in θ¯, it is possible to shift θ¯2 from the point z2 to the point
x. After this, one can convert the integral of the derivative with respect to g∗z2 to the derivative
with respect to g∗ with the help of Eq. (48). At the next step we rewrite the resulting expression
in terms of the derivatives with respect to the sources j¯c and jc,
∆ghost = −
2pi
rV4
· C2
d
d ln Λ
∂
∂g∗
∫
d6z1 (θ
2)z1(v
B)2z1
δ
δgz1
∫
d4q
(2pi)4
∂
∂qµ
iqν
q2
∫
d8x d8y δ8yx(q)
× (θ¯2θb)x(γ
µγν)b
d
(
(Dd)y
δ2Γ
δj¯Ac,y δc¯
A
0,x
+ (Dd)y
δ2Γ
δjAc,y δc
A
0,x
)∣∣∣∣
fields=0; g=0
, (116)
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where, for example,
δ
δj¯Ac,y
=
∫
d8w
[( δ2Γ
δc¯Ay δc
∗B
w
)−1( D¯2
8∂2
)
w
δ
δc∗Bw
+ . . .
]
. (117)
The dots again denote the analogous terms containing derivatives with respect to the other
superfields of the theory, but only the explicitly written term survives under the condition
“fields=0; g=0”.
θ2θ¯2θb
(G1)
θ2θ¯2θb
(G2)
Figure 2: Effective superdiagrams giving the contribution of the Faddeev–Popov ghosts to the
β-function.
Commuting the derivatives with respect to the sources and the derivative with respect to
gz1 we present the result as a sum of two effective diagrams similar to the ones presented in
Fig. 1. However, now the loop consists of the effective ghost propagators. These diagrams are
presented in Fig. 2. The analytic expression for them is given by the expression
∆ghost = −
2pi
rV4
· C2
d
d ln Λ
∂
∂g∗
∫
d6z1 (θ
2)z1(v
B)2z1
∫
d4q
(2pi)4
∂
∂qµ
iqν
q2
∫
d8x d8y δ8yx(q) (θ¯
2θb)x
×(γµγν)b
d(Dd)y
[
δ
δj¯Ac,y
δ2Γ
δgz1 δc¯
A
0,x
−
∫
d8w
δ
δj¯Ac,y
δ2Γ
δgz1 δc¯
D
0,w
(D2
8∂2
)
w
δ2Γ
δj¯Dc,w δc¯
A
0,x
+
δ
δjAc,y
δ2Γ
δgz1 δc
A
0,x
−
∫
d8w
δ
δjAc,y
δ2Γ
δgz1 δc
D
0,w
(D2
8∂2
)
w
δ2Γ
δjDc,w δc
A
0,x
]∣∣∣∣
fields=0; g=0
. (118)
The superdiagram (G1) in Fig. 2 corresponds to the sum of the terms containing the integrals
over w. For calculating them we use the identities
δ2Γ
δj¯Dc,w δc¯
A
0,x
∣∣∣∣
fields=0; g=0
=
δ2Γ
δjDc,w δc
A
0,x
∣∣∣∣
fields=0; g=0
= −δAD
(D¯2D2
16∂2
)
w
δ8xw. (119)
To obtain them, it is necessary to differentiate Eq. (113) and take into account dimensional and
chirality considerations. Making the transformations similar to the ones described in Sect. 4.2
it is possible to present the expression for the considered superdiagram (G1) in the form
(G1) = −
2pi
rV4
· C2
d
d ln Λ
∂
∂g∗
∫
d4q
(2pi)4
∂
∂qµ
iqµ
4q4
∫
d8x d8y (θ4)y(v
B)2y
×δ8yx(q) (D
2)x
[
δ
δj¯Ac,y
∂
∂g
δΓ
δc¯Ax
+
δ
δjAc,y
∂
∂g
δΓ
δcAx
]∣∣∣∣
fields=0; g=0
. (120)
The two-point Green functions of the Faddeev–Popov ghosts entering this equation are obtained
by differentiating Eq. (39) with respect to the (anti)ghost superfields. These Green functions
and the corresponding inverse functions are written as
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δ2Γ
δc¯Ax δc
∗B
y
∣∣∣∣
fields=0; g=0
=
δ2Γ
δcAx δc¯
∗B
y
∣∣∣∣
fields=0; g=0
= δABGc
D¯2xD
2
y
16
δ8xy; (121)( δ2Γ
δc¯Ax δc
∗B
y
)−1∣∣∣∣
fields=0; g=0
=
( δ2Γ
δcAx δc¯
∗B
y
)−1∣∣∣∣
fields=0; g=0
= δABG
−1
c
D¯2xD
2
y
4∂2
δ8xy. (122)
Substituting them into Eq. (120) and making calculations analogous to those described in Sect.
4.2, we find that the singular contribution encoded in the effective superdiagram (G1) in Fig. 2
is given by the expression
(G1) =
C2
pi
d
d ln Λ
∂2
∂g ∂g∗
lnGc
∣∣∣
Q=0
. (123)
The superdiagram (G2) in Fig. 2 vanishes similarly to the case of the matter contribution.
Really, it corresponds to the terms in Eq. (118) which do not contain the integral over w,
(G2) = −
2pi
rV4
· C2
d
d ln Λ
∂
∂g∗
∫
d6z1 (θ
2)z1(v
B)2z1
∫
d4q
(2pi)4
∂
∂qµ
iqν
q2
∫
d8x d8y δ8yx(q)(θ¯
2θb)x
×(γµγν)b
d(Dd)y
( δ
δj¯Ac,y
δ2Γ
δgz1 δc¯
A
0,x
+
δ
δjAc,y
δ2Γ
δgz1 δc
A
0,x
)∣∣∣∣
fields=0; g=0
. (124)
Substituting in this equation the expressions (122) for the inverse Green functions (which enter
the derivatives with respect to the sources) and the Green functions
δ3Γ
δc∗Ay δgz1δc¯
B
0,x
∣∣∣∣
fields=0; g=0
= δAB (D
2)y(D¯
2)z1
∫
d4p
(2pi)4
d4k
(2pi)4
(
ac(k, p) + (bc)µ(k, p) (γ
µ)ab˙
×(Da)z1(D¯b˙)y + dc(k, p) (D
2)z1(D¯
2)y
)(
δ8xy(−k − p) δ
8
xz1(p)
)
; (125)
δ3Γ
δc¯∗Ay δgz1δc
B
0,x
∣∣∣∣
fields=0; g=0
= δAB (D
2)y(D¯
2)z1
∫
d4p
(2pi)4
d4k
(2pi)4
(
a¯c(k, p) + (b¯c)µ(k, p) (γ
µ)ab˙
×(Da)z1(D¯b˙)y + d¯c(k, p) (D
2)z1(D¯
2)y
)(
δ8xy(−k − p) δ
8
xz1(p)
)
, (126)
written from chirality considerations, we obtain
(G2) = −128ipiC2
d
d ln Λ
∂
∂g∗
∫
d4q
(2pi)4
∂
∂qµ
[ 1
q2
G−1c (q)
(
bc(q, 0) + b¯c(q, 0)
)]
= 0. (127)
Note that the result is equal to 0 because the denominator contains only q−2, so that the
Euclidean integral over the sphere S3ε surrounding the singularity at Qµ = 0 vanishes.
Therefore, the sum of singular contributions produced by the Faddeev–Popov ghosts is equal
to the term in the right hand side of Eq. (41) containing the function Gc,
∆ghost = (G1) + (G2) =
C2
pi
d
d ln Λ
∂2
∂g ∂g∗
lnGc
∣∣∣
Q=0
=
C2
pi
∂2
∂g ∂g∗
γc(ρα0, ρλ0λ
∗
0, Y0). (128)
After the integration (42) we obtain the term with γc in the NSVZ equation (29).
Thus, the sums of singular contributions produced by the matter superfields and by the
Faddeev–Popov ghosts (coming from the corresponding terms in Eq. (67)) give the terms con-
taining (γφ)j
i and γc in Eq. (29), respectively. Therefore, for finishing the all-order perturbative
derivation of the NSVZ equation it remains to obtain only the term containing γV in Eq. (29).
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5 Conclusion
According to Ref. [52], all loop integrals giving the β-function of N = 1 supersymmetric
gauge theories (defined in terms of the bare couplings) are integrals of double total derivatives
with respect to the loop momenta if the higher covariant derivatives are used for regularization.
These integrals do not vanish, because the integrands contain singularities. Earlier it was sup-
posed [6] that the sum of singular contributions produces the NSVZ β-function written in the
form (29).
In this paper we have calculated the sum of singular contributions produced by the matter
and Faddeev–Popov ghost superfields exactly in all orders for the theory with a simple gauge
group containing the Yukawa term in the action. The result can be written in the form
β(α0, λ0, Y0)
α20
= −
1
2pi
(
3C2 − T (R) +
1
r
C(R)i
j(γφ)j
i(α0, λ0, Y0)− 2C2γc(α0, λ0, Y0)
)
+ singularities produced by the quantum gauge superfield. (129)
The first two terms correspond to the one-loop approximation, the matter superfields give the
term containing the anomalous dimension (γφ)j
i, and the Faddeev–Popov ghosts give the term
with the anomalous dimension γc. Certainly, both these anomalous dimensions are defined
in terms of the bare couplings, so that Eq. (129) is valid for an arbitrary renormalization
prescription which supplements the higher covariant derivative regularization. The result (129)
agrees with Eq. (29), but the term containing γV is absent. Presumably, this term comes from
the sum of singularities produced by the quantum gauge superfield. The calculation of this
contribution will be described separately. Now this work is in preparation.
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A Derivatives of Smatter and SFP with respect to the background
gauge superfield
A.1 Action for the matter superfields
Let us calculate the derivative of the action for the chiral matter superfields given by Eq.
(68) with respect to the background gauge superfield. Note that in this part of the action
V = V ATA, so that
δ
δV Ax
(e2V )y = 2 δ
8
xy e
2V TA + terms containing [V , TA];
δ
δV Ax
(e−2V )y = −2 δ
8
xy T
Ae−2V + terms containing [V , TA]. (130)
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Such exponents are present, in particular, in the expressions for the left supersymmetric covariant
derivatives (13). That is why it is also expedient to calculate the derivative
δ
δV Ax
(e2V D¯a˙e
−2V )y = 2T
A(D¯a˙)xδ
8
xy + terms containing [V , T
A], (131)
where D¯a˙ in the right hand side acts only on the δ-function (and does not act on the expression
standing on the right). With the help of Eqs. (130) and (131) one can obtain the derivative of
the action (68). To write the result, we present the higher derivative regulator F (x) as a series
F (x) ≡ 1 + f1x+ f2x
2 + . . . (132)
Then the expression under consideration takes the form
δSmatter
δV A
=
1
2
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
(TA)i
jφj +
1
2
∞∑
α=1
α−1∑
β=0
fαD¯
a˙
{[
∇¯a˙
(
−
∇2∇¯2
16Λ2
)β
φ+
]i
×
(
e2F(V )TAe−2F(V )
)
i
j
[ ∇2
16Λ2
(
−
∇¯2∇2
16Λ2
)α−β−1
e2F(V )e2V φ
]
j
−
[(
−
∇2∇¯2
16Λ2
)β
φ+
]i(
e2F(V )TA
×e−2F(V )
)
i
j
[∇¯a˙∇2
16Λ2
(
−
∇¯2∇2
16Λ2
)α−β−1
e2F(V )e2V φ
]
j
}
+ terms containing [V , TA]. (133)
We see that the terms coming from the covariant derivatives contained inside the the regulator
F are proportional to 1/Λ2 and can be written as the left covariant derivative D¯a˙ acting on a
rather complicated expression. One can also try to construct a similar representation for the
first term of Eq. (133). For this purpose we equivalently rewrite it in the form
−D¯2
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
(TA)i
j D
2
32∂2
φj + D¯
a˙
{
D¯a˙
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
×(TA)i
j D
2
32∂2
φj −
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
(TA)i
j D¯a˙D
2
32∂2
φj
}
, (134)
where the equality can easily be verified with the help of the product rule for the supersymmetric
covariant derivative D¯a˙ and the identity (70). To present this expression in the most convenient
form, we extract a term containing the derivative of the action (68) with respect to the chiral
matter superfield,
δSmatter
δφi
= −
1
8
D¯2
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
+
1
2
λimn0 g φmφn. (135)
Then the first term of Eq. (134) can be rewritten as
δSmatter
δφi
(TA)i
j D
2
4∂2
φj − λ
imn
0 g φmφn(T
A)i
j D
2
8∂2
φj (136)
=
δSmatter
δφi
(TA)i
j D
2
4∂2
φj +
2
3
λimn0 (T
A)i
jD¯a˙
(
g φm
D¯a˙D
2
16∂2
φn
D2
8∂2
φj − g φm
D2
16∂2
φn
D¯a˙D
2
8∂2
φj
)
.
Again, the last equality can be verified with the help of the product rule for the supersymmetric
covariant derivative D¯a˙ using Eqs. (8) and (70).
Thus, the considered expression (133) takes the form
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δSmatter
δV A
=
δSmatter
δφi
(TA)i
j D
2
4∂2
φj + D¯
a˙
{
D¯a˙
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
(TA)i
j D
2
32∂2
φj
−
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
(TA)i
j D¯a˙D
2
32∂2
φj +
1
2
∞∑
α=1
α−1∑
β=0
fα
[
∇¯a˙
(
−
∇2∇¯2
16Λ2
)β
φ+
]i(
e2F(V )
×TAe−2F(V )
)
i
j
[ ∇2
16Λ2
(
−
∇¯2∇2
16Λ2
)α−β−1
e2F(V )e2V φ
]
j
−
1
2
∞∑
α=1
α−1∑
β=0
fα
[(
−
∇2∇¯2
16Λ2
)β
φ+
]i(
e2F(V )
×TAe−2F(V )
)
i
j
[∇¯a˙∇2
16Λ2
(
−
∇¯2∇2
16Λ2
)α−β−1
e2F(V )e2V φ
]
j
+
2
3
λimn0 (T
A)i
j
(
g φm
D¯a˙D
2
16∂2
φn
D2
8∂2
φj
−g φm
D2
16∂2
φn
D¯a˙D
2
8∂2
φj
)}
+ terms containing [V , TA]. (137)
This equation can be equivalently presented in the form (71) in which (X¯Aa˙ )WZ, (X¯
A
a˙ )HD, and
(X¯Aa˙ )Yukawa are given by Eqs. (72), (73), and (74), respectively.
A.2 The Faddeev–Popov ghost action
The derivative of the Faddeev–Popov ghost action (20) with respect to the background gauge
superfield can be written as
δSFP
δV A
=
∂F−1(V˜ )D
∂V˜ B
∣∣∣∣
V˜=F(V )
((
e2V TA
)
Adj
c¯
)D {( F(V )
1− e2F(V )
)
Adj
c+ +
( F(V )
1− e−2F(V )
)
Adj
×
(
e2V
)
Adj
c
}B
+
∂F−1(V˜ )D
∂V˜ B
∣∣∣∣
V˜=F(V )
(
e2V c¯ e−2V + c¯+
)D {( F(V )
1− e−2F(V )
e2V TA
)
Adj
c
}B
+terms containing [V , TA]Adj . (138)
To present it in a more convenient form, we introduce
(X¯Aa˙ )FP = −
D2
16∂2
c¯E D¯a˙
[(
(TAe−2V )Adj
)ED ∂F−1(V˜ )D
∂V˜ B
∣∣∣∣
V˜=F(V )
{( F(V )
1− e2F(V )
)
Adj
c+
+
( F(V )
1− e−2F(V )
)
Adj
(
e2V
)
Adj
c
}B ]
−
D¯a˙D
2
16∂2
c¯E
(
(TAe−2V )Adj
)ED ∂F−1(V˜ )D
∂V˜ B
∣∣∣∣
V˜=F(V )
×
{( F(V )
1− e2F(V )
)
Adj
c+ +
( F(V )
1− e−2F(V )
)
Adj
(
e2V
)
Adj
c
}B
−D¯a˙
[
∂F−1(V˜ )D
∂V˜ B
∣∣∣∣
V˜=F(V )
(
e2V c¯ e−2V + c¯+
)D {( F(V )
1− e−2F(V )
e2V TA
)
Adj
}BE ] D2
16∂2
cE
−
∂F−1(V˜ )D
∂V˜ B
∣∣∣∣
V˜=F(V )
(
e2V c¯ e−2V + c¯+
)D {( F(V )
1− e−2F(V )
e2V TA
)
Adj
D¯a˙D
2
16∂2
c
}B
, (139)
where f(X)Adj(t
AY A) ≡ [f(X)Adj ]ABY
BtA. Applying the operator D¯a˙ to the expression (139)
after some transformations involving the product rule for the supersymmetric covariant deriva-
tive and the identity (70), we obtain the equation
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D¯a˙(X¯Aa˙ )FP = −
δSFP
δV A
−
δSFP
δc¯B
(TAAdj)BD
D2
4∂2
c¯D −
δSFP
δcB
(TAAdj)BD
D2
4∂2
cD
+terms containing [V , TA]Adj , (140)
which is equivalent to Eq. (107).
B The formal calculation of the expression (78)
In this section we will formally calculate the expression (78)
∂
∂aAµ
∫
d8x (γµ)
a˙bθb δa
〈
(X¯Aa˙ )WZ + (X¯
A
a˙ )HD + (X¯
A
a˙ )Yukawa
)〉∣∣∣∣
fields=0
, (141)
where δa denotes the variation under the background gauge transformations (58) with the pa-
rameter A = iaAµT
Ayµ = iaAµT
A(xµ + iθ¯a˙(γµ)a˙
bθb). The expressions (X¯
A
a˙ )WZ, (X¯
A
a˙ )HD, and
(X¯Aa˙ )Yukawa entering Eq. (78) have been found in Appendix A.1 and are given by Eqs. (72),
(73), and (74), respectively. The fields (including the background gauge superfield V ) are set to
0 only after calculating the variation δa. The word “formally” means that we will ignore possible
singularities similar the one in Eq. (55). According to the general argumentation of Ref. [52],
the result of the formal calculation should be equal to 0. Nevertheless, here we will verify this
by the explicit calculation.
The variations of various quantum superfields ϕI given by Eq. (58) can schematically be
written as δaϕI =MI
JϕJ , where MI
J are certain functions of the superspace coordinates. The
quantum superfields ϕI are the arguments of the effective action related to the sources in the
standard way, ϕI = δW/δj
I . The corresponding transformation of the sources jI is written as
δaj
I = −MJ
IjJ . This change of the sources can be compensated by the change of the integration
variables in the generating functional δaϕI =MI
JϕJ . This implies that for a certain function(al)
B(ϕI)
δa〈B〉 = 〈δaB〉. (142)
(Certainly, for deriving this equation it is necessary to take into account the background gauge
invariance of the total action and of the Pauli–Villars determinants.)
Now us proceed to calculating the expression (141) with the help of Eq. (142). First we note
that (X¯Aa˙ )HD includes only the supersymmetric covariant derivatives (13), so that its variation
under the considered transformation can easily be calculated. Although the result is rather
lengthy, it contains
∂
∂aAµ
[A+, TA] =
∂
∂aAµ
[
− iaBν T
B(yν)∗, TA
]
= −i(yµ)∗[TA, TA] = 0 (143)
and, therefore, vanishes,
∂
∂aAµ
∫
d8x (γµ)
a˙bθb
〈
δa(X¯
A
a˙ )HD
〉∣∣∣∣
fields = 0
= 0. (144)
The remaining terms in Eq. (141) include the expression D2/∂2. That is why for calculating
them one should use the (formal) identity[D2
∂2
, yµ
]
=
{
D¯b˙, (γνγµ)b˙
a˙θ¯a˙
D2∂ν
∂4
}
, (145)
28
which can be verified with the help of the equations {D¯b˙, θ¯
a˙} = δa˙
b˙
, [Da, y
µ] = −2i(γµ)a
b˙θ¯b˙, and
{D¯a˙, Db} = 2i(γ
µ)a˙b∂µ.
We will start with calculating the variation of the first term in the expression (141). Af-
ter integrating by parts with respect to the supersymmetric covariant derivative D¯a˙ it can be
presented in the form
∂
∂aAµ
δa
∫
d8x (γµ)
a˙bθb
〈
(X¯Aa˙ )WZ
〉∣∣∣∣
fields = 0
=
∂
∂aAµ
δa
∫
d8x (γµ)
a˙bθb
×
〈[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
(TA)i
j D¯a˙D
2
16∂2
φj
〉∣∣∣∣
fields = 0
. (146)
Then in this expression we perform the transformation (58) with the parameter (52) and apply
the identity (145). Using the well-known equation γµγνγµ = −2γ
ν , after some transformations
Eq. (146) can be rewritten as
i
∫
d8x θ¯γµθ
〈
D¯2
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]i
C(R)i
jD
2∂µ
16∂4
φj
〉∣∣∣∣
fields = 0
. (147)
Next, let us proceed to calculating the variation of the third term in Eq. (141) which contains
(X¯Aa˙ )Yukawa given by Eq. (74). After integrating by parts with respect to the derivative D¯a˙ the
considered expression takes the form
∂
∂aAµ
δa
∫
d8x (γµ)
a˙bθb
〈
(X¯Aa˙ )Yukawa
〉∣∣∣∣
fields = 0
= −
4
3
λijk0 (T
A)k
m ∂
∂aAµ
δa
∫
d8x g (γµ)
a˙bθb
〈D2
8∂2
φm
D¯a˙D
2
16∂2
φi φj
〉∣∣∣∣
fields = 0
. (148)
As earlier, we make the infinitesimal background gauge transformation (58) with the parameter
(52) taking into account Eq. (145) and the identity D¯a˙D¯
c˙ = −δc˙a˙D¯
2/2. With the help of Eq.
(8) the result can be written as
(
2i
3
λijk0 (T
A)k
m(TA)i
n
∫
d8x g (γµ)
a˙bθb
〈D2
8∂2
φm D¯
2
(
(γνγµ)a˙
d˙θ¯d˙
D2∂ν
16∂4
φn
)
φj
〉
−
4i
3
λijk0 C(R)k
m
∫
d8x g (γµ)
a˙bθb
〈
D¯c˙
(
(γνγµ)c˙
d˙θ¯d˙
D2∂ν
8∂4
φm
) D¯a˙D2
16∂2
φi φj
〉)∣∣∣∣
fields=0
. (149)
Integrating by parts with respect to the derivative D¯2 in the first term and with respect to the
derivative D¯c˙ in the second term, using the equation γµγ
νγµ = −2γν and the identity (70), we
present this expression in the form
4i
3
λijk0
∫
d8x g θ¯γµθ
{
(TA)k
m(TA)i
n
〈
φm
D2∂µ
8∂4
φn φj
〉
−C(R)k
m
〈D2∂µ
8∂4
φm φi φj
〉}∣∣∣∣
fields = 0
.
(150)
The product φmφj in the first term is evidently symmetric with respect to the permutation of
the indices m and j. This implies that in this term it is possible to make the replacement
λijk0 (T
A)k
m(TA)i
n →
1
2
(
λijk0 (T
A)k
m + λimk0 (T
A)k
j
)
(TA)i
n
= −
1
2
λjmk0 (T
A)k
i(TA)i
n = −
1
2
λjmk0 C(R)k
n, (151)
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where we took Eq. (8) into account. After this replacement Eq. (150) takes the form
−iλijk0 C(R)k
m
∫
d8x g θ¯γµθ
〈D2∂µ
4∂4
φm φi φj
〉∣∣∣∣
fields = 0
. (152)
Summing up Eqs. (144), (147) and (152) we obtain
∂
∂aAµ
∫
d8x (γµ)
a˙bθb
〈
δa(X¯
A
a˙ )WZ + δa(X¯
A
a˙ )HD + δa(X¯
A
a˙ )Yukawa
)〉∣∣∣∣
fields = 0
= −i
∫
d8x θ¯γµθ C(R)k
m
〈{
−
1
8
D¯2
[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]k
+
1
2
g λijk0 φiφj
} D2∂µ
2∂4
φm
〉∣∣∣∣
fields = 0
. (153)
The expression in the curly brackets coincides with the derivative of the action Smatter with
respect to φk. Therefore, with the help of the identity (77) it is possible to rewrite Eq. (153) in
the form
−i
∫
d8x θ¯γµθ
〈δSmatter
δφk
C(R)k
mD
2∂µ
2∂4
φm
〉∣∣∣∣
fields = 0
= −
∫
d8x θ¯γµθ C(R)m
mD
2D¯2∂µ
4∂4
δ8xy
∣∣∣
y→x
= 0. (154)
Note that the last expression vanishes, because (after the Wick rotation) it is proportional to∫
d4Q
(2pi)4
Qµ
Q4
= 0. (155)
Thus, we see that formally the variation (141) vanishes. This agrees with the argumentation
of Ref. [52], where it was demonstrated that the higher order corrections appear to be 0 if the
calculations are made formally. Certainly, in fact, the higher order corrections do not vanish, and
the correct calculation should also take singular contributions into account. For this purpose, it
is also necessary to write down total derivatives with respect to the loop momenta which appear
in calculating the variation of the expression (78).
C Total derivatives generating matter singular contributions to
the β-function
C.1 A simple example illustrating how the total derivatives appear
Formally calculating the variation δa of various expressions we in fact omit integrals of total
derivatives. In this section we describe a simple example which illustrates how these total
derivatives appear. For this purpose we consider the expression∫
d8xφ∗i(e2F(V )e2V )i
jφj. (156)
It is evidently invariant under the background gauge transformations, but in calculating the
variation δa we obtain some terms containing x
µ,
30
0 = δa
∫
d8xφ∗i(e2F(V )e2V )i
jφj = ia
A
µ
∫
d8x
(
− xµφ∗i(TA)i
k(e2F(V )e2V )k
jφj
+φ∗i[TA, xµ e2F(V )e2V ]i
jφj + φ
∗i(e2F(V )e2V )i
k(TA)k
jxµφj
)
. (157)
In the momentum representation the coordinate operator is proportional to the derivative with
respect to the momentum. Taking this into account we see that the expression (157) is given by
the sum of integrals of total derivatives,
0 = aAµ
∫
d4θ
∫
d4q
(2pi)4
d4p
(2pi)4
{
∂
∂qµ
(
φ∗i(−q − p, θ)
(
e2F(V )e2V (p, θ)
)
i
k(TA)k
jφj(q, θ)
)
+
∂
∂pµ
(
φ∗i(−q − p, θ)
[
TA, e2F(V )e2V (p, θ)
]
i
jφj(q, θ)
)}
, (158)
where
e2F(V )e2V (p, θ) =
∫
d4x eipαx
α
e2F(V )e2V . (159)
Note that using the notation δ8yx(q) introduced in Eq. (80) the expression (158) can be equiva-
lently presented in the form
aAµ
∫
d4q
(2pi)4
∂
∂qµ
∫
d8x d8y δ8yx(q)
[
φ∗i(e2F(V )e2V )i
k
]
x
(TA)k
jφj,y
+aAµ
∫
d4p
(2pi)4
∂
∂pµ
∫
d8x d8y δ8xy(p)φ
∗i
,y
[
TA, (e2F(V )e2V )x
]
i
jφj,y. (160)
C.2 Terms quadratic in the matter superfields
In this paper we are interested in the singular contributions corresponding to the matter
superfields. This means that they are produced by total derivatives acting on Qµ/Q
4, where Qµ
is the (Euclidian) momentum of a matter propagator. The matter propagator proportional to
D¯2D2
4∂2
δ8xy (161)
can give only Q−2. Moreover, the product of two such propagators is also proportional to Q−2
due to Eq. (70). That is why the terms proportional to Qµ/Q
4 (where Qµ is a momentum
of the matter superfield) can appear only if the operator (γµ)a˙bθbD¯a˙D
2/∂2 acts on the matter
propagator (from the right) or stands between two matter propagators with the same momenta,9
D¯2D2
4∂2
· (γµ)a˙bθb
D¯a˙D
2
∂2
·
D¯2D2
4∂2
= 8i
D¯2D2∂µ
∂4
. (162)
This implies that the total derivatives coming from the variation of the term containing (X¯Aa˙ )HD
in the expression (78) do not contain singular contributions of the considered type (i.e. corre-
sponding to the cuts of the matter propagators) and can be excluded from the consideration.
9Note that such propagators can appear when a supergraph can be made disconnected by two cuts of the matter
line. Certainly, in this case these propagators are separated by a subdiagram (or subdiagrams) contributing to
the two-point Green function of the matter superfields.
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(Note that singularities corresponding to the cuts of the quantum gauge superfield propagators
are not considered in this paper.)
Next, we consider the term in Eq. (78) which contains (X¯Aa˙ )WZ given by Eq. (72). This
term is similar to the toy expression considered in the previous section. That is why, repeating
the calculations of Sect. C.1 we obtain that the matter singularities come from
∂
∂aAµ
δa
∫
d8x (γµ)
a˙bθb
〈
(X¯Aa˙ )WZ
〉
→
∫
d4q
(2pi)4
∂
∂qµ
∫
d8x d8y δ8yx(q)(γ
µ)a˙bθb
×
〈[(
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
)i ]
x
C(R)i
j
(D¯a˙D2
16∂2
φj
)
y
〉∣∣∣∣
fields = 0
, (163)
where the arrow points that we consider only terms containing the derivative with respect to
the momentum of the matter superfield φj.
C.3 Total derivatives induced by the Yukawa interaction
Now, let us find the total derivative terms corresponding to the Yukawa interaction. They
are obtained from the third term in Eq. (78), where (X¯Aa˙ )Yukawa is given by Eq. (74), after
making the infinitesimal transformation (58) with the parameter (52). In this section we will
consider only total derivative contributions, because all other terms have already been calculated
in Sect. B. Making the transformations similar to the ones described in Sect. C.1 and using Eq.
(8) we obtain
∂
∂aAµ
δa
∫
d8x (γµ)
a˙bθb
〈
(X¯Aa˙ )Yukawa
〉
→ −
4
3
λijk0 C(R)k
m
∫
d4q
(2pi)4
d4k
(2pi)4
∂
∂kµ
∫
d8x d8y d8z
×gy δ
8
yz(q)δ
8
xz(k)(γ
µ)a˙bθb
〈(D2
8∂2
φm
)
x
(D¯a˙D2
16∂2
φi
)
y
φj,z
〉
−
4
3
λijk0 (T
A)k
m(TA)i
n
∫
d4q
(2pi)4
d4k
(2pi)4
×
∂
∂qµ
∫
d8x d8y d8z gy δ
8
yz(q)δ
8
xz(k)(γ
µ)a˙bθb
〈(D2
8∂2
φm
)
x
(D¯a˙D2
16∂2
φn
)
y
φj,z
〉∣∣∣∣
fields = 0
. (164)
Note that due to the presence of
δ8yz(q) δ
8
xz(k) = δ
4(θy − θz)δ
4(θx − θz) exp (iqαy
α) exp (ikαx
α) exp (− i(qα + kα)z
α) (165)
the momenta of the superfields φm,x, (gD¯a˙D
2/(16∂2)φi)y, and φj,z are kµ, qµ, and −kµ − qµ,
respectively. Integrating by parts with respect to the derivative D¯a˙, using Eq. (70) and the
identity D¯a˙D¯
c˙ = −δc˙a˙D¯
2/2, it is possible to present the expression under consideration in the
form
4
3
λijk0 C(R)k
m
∫
d4q
(2pi)4
d4k
(2pi)4
∂
∂kµ
∫
d8x d8y d8z gy δ
8
yz(q) δ
8
xz(k)(γ
µ)a˙bθb
〈(D¯a˙D2
8∂2
φm
)
x
×
( D2
16∂2
φi
)
y
φj,z
〉
+
4
3
λijk0 (T
A)k
m(TA)i
n
∫
d4q
(2pi)4
d4k
(2pi)4
∂
∂qµ
∫
d8x d8y d8z gy δ
8
yz(q) δ
8
xz(k)
×(γµ)a˙bθb
〈(D¯c˙D2
8∂2
φm
)
x
( D2
16∂2
φn
)
y
(D¯a˙D¯c˙D2
8∂2
φj
)
z
〉∣∣∣∣
fields = 0
. (166)
In the second term only a part of λijk0 (T
A)k
m(TA)i
n symmetric in mj survives. Really, let us
present the integral in the second term as a sum of two equal expressions. We leave the first
32
one unchanged, while in the second one we integrate by parts with respect to the derivative D¯a˙.
Then the integral in the second term of Eq. (166) will be written as
∫
d4q
(2pi)4
d4k
(2pi)4
∂
∂qµ
∫
d8x d8y d8z gy δ
8
yz(q) δ
8
xz(k)(γ
µ)a˙bθb
〈(D¯c˙D2
8∂2
φm
)
x
( D2
16∂2
φn
)
y
×
(D¯a˙D¯c˙D2
16∂2
φj
)
z
+
(D¯a˙D¯c˙D2
8∂2
φm
)
x
( D2
16∂2
φn
)
y
(D¯c˙D2
16∂2
φj
)
z
−
(D¯c˙D2
8∂2
φm
)
x
(D¯a˙D2
16∂2
φn
)
y
×
(D¯c˙D2
16∂2
φj
)
z
〉
. (167)
Let us note that the sequence of two changes of the integrations variables kµ → kµ−qµ; kµ → −kµ
is equivalent to the permutation of the points x and z in the expression inside the angular
brackets. This implies that the expression (167) is symmetric in mj, because in our notation
ψ¯a˙ξ¯a˙ = −ξ¯a˙ψ¯
a˙ = ξ¯a˙ψ¯a˙ (168)
for any left anticommuting spinors ψ¯ and ξ¯. Therefore, in Eq. (166) λijk0 (T
A)k
m(TA)i
n can be
replaced by its symmetric part
1
2
(
λijk0 (T
A)k
m + λimk0 (T
A)k
j
)
(TA)i
n = −
1
2
λjmk0 (T
A)k
i(TA)i
n = −
1
2
λjmk0 C(R)k
n, (169)
where we took Eq. (8) into account. Then the expression (166) takes the form
4
3
λijk0 C(R)k
m
∫
d4q
(2pi)4
d4k
(2pi)4
∂
∂kµ
∫
d8x d8y d8z gy δ
8
yz(q)δ
8
xz(k)(γ
µ)a˙bθb
〈(D¯a˙D2
8∂2
φm
)
x
×
( D2
16∂2
φi
)
y
φj,z
〉∣∣∣∣
fields = 0
−
2
3
λjmk0 C(R)k
n
∫
d4q
(2pi)4
d4k
(2pi)4
∂
∂qµ
∫
d8x d8y d8z gy δ
8
yz(q)
×δ8xz(k)(γ
µ)a˙bθb
〈(D¯a˙D2
8∂2
φm
)
x
( D2
16∂2
φn
)
y
φj,z
〉∣∣∣∣
fields = 0
. (170)
It is convenient to rename the integration variables in the first term, qµ ↔ kµ and x ↔ y.
Next, we replace gx by gy. This is possible, because due to the δ-functions θx = θy, while the
momentum of superfield g is negligibly small. Really, in the expression ∆matter the derivative
with respect to g is multiplied to (vB)2. This implies that the corresponding momentum is of
the order 1/R → 0. Therefore, all terms containing space-time derivatives of g are suppressed
by powers of 1/R and should be omitted. After the procedure described above the considered
expression will be written as
λjmk0 C(R)k
n
∫
d4q
(2pi)4
d4k
(2pi)4
∂
∂qµ
∫
d8x d8y d8z gy δ
8
yz(q) δ
8
xz(k)
× (γµ)a˙bθb
〈(D2
4∂2
φm
)
x
(D¯a˙D2
16∂2
φn
)
y
φj,z
〉∣∣∣∣
fields = 0
. (171)
We are interested in singular terms which nontrivially contribute to this integral. Such
terms can be proportional either to qµ/q4 or (q+k)µ/(q+k)4, where qµ corresponds to φn,y and
−(q + k)µ corresponds to φj,z. They appear when a supergraph contains coinciding momenta
qµ or (q + k)µ, respectively. The structure of the corresponding subdiagrams is illustrated in
Fig. 3. The coinciding momenta correspond to external lines of the subdiagrams, and the grey
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disks stand for the sums of all relevant subgraphs. For comparison, in Fig. 4 we present a usual
subdiagram of the considered type which gives quantum corrections to the two-point Green
function of the matter superfields and contains a Yukawa vertex in the left point. Evidently, the
diagram in Fig. 4 is proportional to
D2D¯2
4∂2
·
D2D¯2
4∂2
= −
D2D¯2
∂2
(172)
and does not produce singularities.
∫
d8x g(γµ)a˙bθb
❆
❆
❆❯
D2D¯a˙
4∂2
D2D¯2
4∂2D2
∂2
D¯2D2
4∂2
∫
d8x g(γµ)a˙bθb
❆
❆
❆❯
D2D¯2
4∂2
D2D¯2
4∂2D2
∂2
D2D¯a˙
4∂2
Figure 3: This figure illustrates how singularities can appear in the case of the existence of
coinciding momenta. In the left diagram the external momentum is qµ, while in the right one
the external momentum is −(q + k)µ. This implies that they can give terms proportional to
qµ/q
4 and (q + k)µ/(q + k)
4, respectively.
∫
d8x
❆
❆
❆❯
D2D¯2
4∂2
D2D¯2
4∂2D2
∂2
D¯2D2
4∂2
Figure 4: Usual subdiagrams corresponding to the insertion of the two-point Green function of
the matter superfields with a Yukawa vertex in the left point.
Comparing the diagrams in Figs. 3 and 4 we see that the left superdiagram in Fig. 3 (with
the coinciding momenta qµ) is proportional to
10
D2D¯a˙
4∂2
· g(γµ)a˙bθb ·
D2D¯2
4∂2
∼
qα
q4
. (173)
Note that, as we have already mentioned, the momentum of the superfield g is of the order
1/R and should be neglected, because the integrals of double total derivatives appear only for
the vanishing external momentum p corresponding to the limit R→∞. Hence, calculating the
integrals one should always assume that the radius of the sphere S3ε is much larger than 1/R.
That is why instead of q2(q + p)2 in Eq. (173) we simply write q4.
The right subdiagram in Fig. 3 corresponds to the coinciding momenta −(q+k)µ and appears
to be proportional to
10The indices are different, because in general the left hand side is not proportional to qµ.
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D2D¯2
4∂2
· gθbD
b ·
D2D¯2
4∂2
= 0. (174)
This implies that the singularities corresponding to the coinciding momenta −(q+k)µ are absent.
Therefore, all singular contributions will be obtained from the integral over the infinitely small
sphere S3ε surrounding the point Qµ = 0. Taking this into account we calculate the integrals
over d4k and d8z in Eq. (171) and rewrite the expression (164) in the form
λjmk0 C(R)k
n
∫
d4q
(2pi)4
∂
∂qµ
∫
d8x d8y δ8yx(q) (γ
µ)a˙bθb
〈(D¯a˙D2
16∂2
φn
)
y
(
gφj
D2
4∂2
φm
)
x
〉∣∣∣∣
fields = 0
.
(175)
Note that here the superfield g is taken in the point x, while originally it was taken in the point
y. This is possible, because δ8yx(q) includes δ
4(θx − θy), while the momentum of g (of the order
1/R) is negligibly small.
C.4 Result for the total derivatives
Summing up Eqs. (163) and (175) and taking into account that the term containing (X¯Aa˙ )HD
does not produce singular contributions, we can present the expression (141) as the integral of
a total derivative,
∂
∂aAµ
δa
∫
d8x (γµ)
a˙bθb
〈
(X¯Aa˙ )WZ + (X¯
A
a˙ )HD + (X¯
A
a˙ )Yukawa
〉∣∣∣∣
fields = 0
=
∫
d4q
(2pi)4
∂
∂qµ
∫
d8x d8y (γµ)a˙bθb δ
8
yx(q)
〈{[
F
(
−
∇2∇¯2
16Λ2
)
φ+ · e2F(V )e2V
]k
+gλkmn0 φm
D2
4∂2
φn
}
x
C(R)k
j
(D¯a˙D2
16∂2
φj
)
y
〉∣∣∣∣
fields = 0
. (176)
It can be equivalently rewritten in terms of the derivative of Sφ0 with respect to φ0i,
∫
d4q
(2pi)4
∂
∂qµ
∫
d8x d8y δ8yx(q)(γ
µ)a˙bθb
〈 δSφ0
δφ0i,x
C(R)i
j
(D¯a˙D2
4∂2
φj
)
y
〉∣∣∣∣
fields = 0
. (177)
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